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Razsˇirjeni povzetek
Membrane, tanke locˇnice med dvema podrocˇjema, so lahko podvrzˇene termicˇnim fluktua-
cijam. Pomemben primer taksˇnih tankih mejnih plasti v naravi so membrane v biolosˇkih
celicah. Celice razlicˇnih velikosti, oblik in funkcij so osnovni sestavni deli biolosˇkih siste-
mov. Kljub raznolikosti celic, ki jih najdemo v biolosˇkih sistemih, so osnovni gradniki in
njihova kemijska sestava vecˇine celic enaki [1, 2, 3]. Lastnosti biolosˇkih membran, ki obda-
jajo celice ali njene organele, se precej razlikujejo od lastnosti makroskopskih objektov, ki
smo jih vajeni iz vsakodnevnega zˇivljenja.
Najˇstevilcˇnejˇsi gradniki celicˇnih membran so lipidne molekule, med katerimi prevladu-
jejo fosfolipidi, ki skupaj z vgrajenimi proteini predstavljajo skoraj celotno maso membrane
[4]. Fosfolipidne molekule so amfifilne, kar pomeni, da so sestavljene iz hidrofobnega in hi-
drofilnega dela. Poenostavljen model je prikazan na sliki 1. Osnova, okoli katere je fosfolipid
zgrajen ter fosfatna skupina zaestrena z alkoholom predstavlja polarno glavo fosfolipida,
dolge verige nasicˇenih in nenasicˇenih masˇcˇobnih kislin pa njegov nepolaren rep.
V vodni raztopini se fosfolipidi samoorganizirajo v strukture tako, da minimizirajo pro-
sto energijo. Oblike, ki jih pri tem tvorijo, so: miceliji, kjer se fosfolipidi pretezˇno stozˇcˇaste
oblike usmerijo s polarno glavo proti vodnemu mediju ter z repi vsaksebi; ali pa tvorijo
fosfolipidno dvojno plast, ki se obicˇajno ciklicˇno zakljucˇi v zaprto, krogelno oblikovano
strukturo imenovano mesˇicˇek (angl. vesicle). Vodni medij je tako prisoten v notranjosti
kot tudi v zunanjosti mesˇicˇka.
Fosfolipidna dvojna plast ima lastnosti dvodimenzionalne tekocˇine, saj se lahko posa-
mezne molekule fosfolipidov prosto gibljejo po povrsˇini in izmenjujejo mesta s sosednjimi
molekulami [5]. Fluidnost membran je pomembna lastnost, ki dolocˇa delovanje membrane
in je odvisna od vecˇih dejavnikov, kot so: temperatura, tip fosfolipidov in morebitne ke-
mijske primesi v dvojni plasti (kot je na primer holesterol). Za delovanje celice so zelo
pomembne elasticˇne lastnosti membrane, okarakterizirane z upogibno trdnostjo oz. upo-
gibno konstanto, z dolocˇanjem katere se bomo ukvarjali v pricˇujocˇem doktorskem delu.
nepolaren rep
polarna glava
Slika 1: Poenostavljen model fosfolipidne molekule.
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Lipidna dvojna plast je tako mehka na upogib, da lahko zˇe termicˇno gibanje okolne
raztopine pri sobni temperaturi povzrocˇa spremembe oblike membrane. S spektralno ana-
lizo taksˇnih termicˇnih fluktuacij biolosˇke membrane je mogocˇe neinvazivno dolocˇiti njene
mehanske lastnosti [6, 7, 8, 9]. Teorijo, ki sta jo razvila Milner in Safran [6], smo uporabili
za osnovo algoritma za racˇunalniˇske simulacije membran zgrajenih iz fosfolipidne dvojne
plasti.
Teoreticˇni model Milnerja in Safrana za dolocˇanje elasticˇnih lastnosti biolosˇkih mem-
bran z analizo njihovih termicˇnih fluktuacij [6] temelji na znanem Helfrichovem modelu
membrane [10] in vsebuje med drugim tudi implicitno predpostavko, da pri termicˇnih fluk-
tuacijah lipidne dvojne plasti upogibna in natezna deformacija membrane nista sklopljeni
in lahko uporabimo priblizˇek povprecˇnega polja [11]. Rezultat dela Milnerja in Safrana je
sistem enacˇb, ki povezuje vrste krogelnih funkcij z upogibno konstanto membrane
|uml |2 = kTKc 1(l − 1)(l + 2)(σ¯ + l(l + 1)) .
V enacˇbi je T absolutna temperatura, k Boltzmann-ova konstanta, Kc upogibna kon-
stanta membrane, σ¯ povprecˇna lateralna napetost in uml koeficienti v razvoju oblike mem-
brane po krogelnih funkcijah vrste l in reda m. Vrsta krogelnih funkcij l v zgornji enacˇbi
mora biti vecˇja od 1 (l > 1), red m pa je v intervalu [−l, l].
Za model fosfolipidne dvojne plasti smo uporabili nakljucˇno trikotniˇsko mrezˇo in jo
predstavili v racˇunalniˇski obliki, medtem ko smo za simuliranje termicˇnih fluktuacij upora-
bili metodo Monte Carlo. S simulacijami Monte Carlo z nakljucˇnimi trikotniˇskimi mrezˇami
lahko modeliramo biolosˇke membrane v njihovem termodinamicˇnem ravnovesju [12] in sto-
hasticˇni Metropolis Hastingsov algoritem nam omogocˇa analizo njihovih termicˇnih fluktu-
acij [13]. Cˇeprav nam tudi nekateri drugi numericˇni modeli membrane nudijo primerno
cˇasovno zahtevnost za obravnavo celotne celice oziroma lipidnega mesˇicˇka (za pregled mo-
delov membran s skaliranjem, angl. coarse-grained models, glej npr. [14]), so pri simulacijah
Monte Carlo z nakljucˇnimi trikotniˇskimi mrezˇami elasticˇne konstante membrane (npr. upo-
gibna konstanta) sestavni del samega modela. Za primerjavo z meritvami, kjer iz analize
termicˇnih fluktuacij membrane dolocˇamo njene elasticˇne lastnosti, je bila metoda Monte
Carlo z nakljucˇnimi trikotniˇskimi mrezˇami tako najprimernejˇsa metoda. Simulator smo
napisali v programskem jeziku C z uporabo nekaterih dodatnih knjizˇnic: LibConfuse, GNU
scientific Library in LibXML 2.0. Simulator za simulacije termicˇnih fluktuacij membran
smo poimenovali trisurf.
Algoritem simulatorja zacˇne z postavitvijo trikotniˇske mrezˇe. V kolikor smo simulacije
predhodno zˇe poganjali, lahko uporabimo zadnje ravnovesno mikrostanje prejˇsnjega zagona
programa, ki smo ga spravili na racˇunalnikov trdi disk, sicer pa moramo model membrane
sistematicˇno sestaviti pred zacˇetkom simulacij. Algoritem oblikuje zacˇetno obliko pravilne
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petkotne bipiramide, ki omogocˇa kontrolirano postavitev vozliˇscˇ na njeno ploskev. Z na-
kljucˇnimi premiki vozliˇscˇ iz bipiramide nastane krogelni mesˇicˇek v termicˇnem ravnovesju.
Vsakemu vozliˇscˇu priredimo seznam sosednjih vozliˇscˇ, s katerimi je posamezno vozliˇscˇe
povezano z vezjo. Vez vsebuje podatke o razdalji med vozliˇscˇema ter kateri vozliˇscˇi v vezi
sploh sodelujeta. Vezi nadalje tvorijo trikotnike. Tri sosednja vozliˇscˇa tvorijo posamezen
trikotnik – ta pa nosi s sabo med drugim informacijo o vozliˇscˇih, ki ga ustvarjajo, njegovo
plosˇcˇino, njemu pripadajocˇi del volumna mesˇicˇka ter seznam vseh sosednjih trikotnikov,
s katerimi si deli po eno stranico. V vozliˇscˇa ravno tako zapiˇsemo informacijo katerim
trikotnikom pripadajo.
Seznami sosednjih vozliˇscˇ posameznega vozliˇscˇa in sosednjih trikotnikov posameznega
trikotnika so urejeni tako, da so vozliˇscˇa in trikotniki nasˇteti v nasprotni smeri urinega ka-
zalca, gledaje na model v smeri normale na povrsˇino (ki je usmerjena iz mesˇicˇka). Podatki
o trikotniˇski mrezˇi so urejeni v primerne podatkovne strukture v programskem jeziku C,
ki so podrobneje opisane v tem doktorskem delu v razdelku 2. Za prenos podatkov med
funkcijami in dostop do podatkovnih polj smo izdatno uporabljali kazalce na pomnilniˇske
lokacije, kjer so podatki shranjeni. Z uporabo kazalcev smo omogocˇili tudi dinamicˇno raz-
porejanje pomnilnika, saj ob samem zagonu ne poznamo parametrov simulacije in lahko
prostor za podatke pripravimo sˇele po prebiranju konfiguracijske datoteke. Konfiguracij-
ska datoteka tape (slov. trak) vsebuje vse pomembne informacije o zgradbi mesˇicˇka in o
postopku simulacije.
Osrednji del simulacij je Monte Carlo korak (MCk). MCk je sestavljen iz dveh delov:
poskusov nakljucˇnih premikov vseh vozliˇscˇ trikotniˇske mrezˇe in poskusov obratov nakljucˇno
izbranih vezi. Poskus katerekoli izmed operacij je pogojen s spremembo energije, ki ga tak
premik oz. obrat povzrocˇi. Cˇe je sprememba energije negativna ali pa je zadosˇcˇeno neenacˇbi
exp
−∆E
kT

> g ,
kjer je g nakljucˇno sˇtevilo iz intervala [0, 1), je poskus operacije sprejet, sicer pa je po
metodi Metropolis-Hastings izracˇunano stanje zavrzˇeno. Upogibno energijo membrane Wb
zapiˇsemo z izrazom
Wb =

A
(c1 + c2)
2 dA ,
po celotni povrsˇini membrane A, kjer sta c1 in c2 glavni ukrivljenosti. Diskretiza-
cija izraza za energijo, ki jo uporabljamo v simulatorju je predstavljena v [15]. Vsako
mikrostanje, t.j. polozˇaje vseh vozliˇscˇ trikotniˇske mrezˇe, razvijemo v vrsto krogelnih
funkcij. Obravnavamo le relativna odstopanja polozˇaja vozliˇscˇa i, definiranega z izrazom
r(ϑi, φi, t) =
ri(t)−R0
R0
, od krogle s polmerom R0, ki ima enako prostornino kot celoten
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mesˇicˇek.
r(ϑi, φi, t) =
R(ϑi, φi, t)
R0
− 1 .
Kota ϑi in φi sta azimutni in polarni kot polozˇaja vozliˇscˇa v krogelnem koordinatnem
sistemu, v nekem danem trenutku t. Relativna odstopanja poozˇaja vozliˇscˇa i zapiˇsemo z
vrsto
r(ϑi, φi, t) =
lmax
l=0
l
m=−l
uml (t)Y
m
l (ϑi, φi) ,
kjer so uml (t) koeficienti krogelnih funkcij Y
m
l (ϑi, φi). Indeksa l in m sta vrsta in red
krogelne funkcije. Iz enacˇbe izrazimo koeficiente uml (t). Koeficiente vrste zadostnega sˇtevila
nekoreliranih mikrostanj povprecˇimo in uporabimo za izracˇun upogibne konstante Kc mem-
brane. Korelacijo preverimo z avtokorelacijsko funkcijo. Sˇtevilu MCk, ki je potrebno, da
pade vrednost avtokorelacijske funkcije pod vrednost exp(−1) dodelimo simbol τ . Med
posameznimi vzorci mikrostanj, ki jih razvijemo v vrsto, mora miniti vsaj 3τ mikrostanj.
Avtokorelacijsko funkcijo zapiˇsemo z izrazom
f(|uml |2, τ) =
T−τ
t=1
(|uml (t)|2 − ⟨|uml |2⟩)(|uml (t+ τ)|2 − ⟨|uml |2⟩)
T−τ
t=1
(|uml (t)|2 − ⟨|uml |2⟩)2
,
kjer je T sˇtevilo uporabljenih mikrostanj za izracˇun povprecˇne vrednosti ⟨x⟩.
Numericˇne simulacije Monte Carlo s trikotniˇskimi mrezˇami so cˇasovno zahtevne, saj po-
trebujemo za natancˇno dolocˇitev togosti membrane veliko sˇtevilo nekoreliranih mikrostanj.
Pospesˇitev racˇunanja smo dosegli z vzporednim izvajanjem racˇunskih operacij. Preizkusili
smo dva nacˇina vzporednega racˇunanja. Prvi nacˇin, ki vzporedno preracˇunava premike
vozliˇscˇ in obrate vezi na enem samem mesˇicˇku ni nudil dovolj velike pohitritve, zato smo
pridobivanje mikrostanj pospesˇili z vecˇ vzporednimi teki simulacij. Na ta nacˇin smo lahko
simulacije izvajali na vecˇ racˇunalnikih povezanih v racˇunalniˇsko omrezˇje in hkrati analizirali
mikrostanja vecˇih mesˇicˇkov hkrati. Pristop se je izkazal za zelo ucˇinkovitega in smo uspeli
dosecˇi skoraj teoreticˇno maksimalno pohitritev simulacij po Amdahlovem zakonu. Algori-
tem, za katerega velja, da lahko vzporedno izvajamo celotno njegovo kodo, ima teoreticˇno
maksimalno pohitritev S podano z enacˇbo
S = Nprocesorjev ,
kjer je Nprocesorjev sˇtevilo procesorskih enot, ki izvajajo kodo algoritma. Cˇas izvajanja
programske kode je obratno sorazmeren s pohitritvijo zaradi vzporednega izvajanja. Na
sliki 2 je prikazana izmerjena pohitritev simulacij pri vzporednem izvajanju v odvisnosti
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Slika 2: Cˇas izvajanja simulacije 64 stanj mesˇicˇka, med katerimi je 10000 MCk v odvisnosti
od sˇtevila vzporednih procesov.
od sˇtevila vzporednih procesov. Zabelezˇenih je bilo 64 stanj mesˇicˇka modeliranega z 1447
vozliˇscˇi, med vsakim stanjem pa je minilo 10000 MCk. Krivulja demonstrira najvecˇjo
teoreticˇno pohitritev.
Fluktuacije mesˇicˇkov je mogocˇe opazovati z fazno–kontrastnim mikroskopom. V tem
delu smo naredili izboljˇsavo mikroskopa Nikon TE2000-S, ki smo mu dodali mozˇnost stro-
boskopske osvetlive vzorca. Na mikroskopu je lahko montiran le en vir svetlobe, zato smo
mikroskop dogradili s svetlobnim razdelilnikom (izbirnikom). Na razdelilnik lahko tako
socˇasno namestimo dva svetlobna vira – klasicˇno halogensko zˇarnico, ter pomozˇen stro-
boskopski vir osvetlitve za izvedbo meritev mehanskih lastnosti membran z opazovanjem
termicˇnih fluktuacij. S preklopnikom izbiramo svetlobni vir, ki ga zˇelimo uporabiti glede
na vrsto uporabe mikroskopa.
Sliko vzorca mesˇicˇka GUV (kratica je iz angl. besedne zveze giant unilamellar vesicle)
zajemamo s kamero Sony XC-77CE in jo preko vmesnika Sony XC-77RR-CE ter USB
zajemalnika slik prenasˇamo na osebni racˇunalnik. Uporabniˇski vmesnik na racˇunalniku
smo priredili za enostavno zajemanje slik, njihovo shranjevanje in obdelavo ter krmiljenje
stroboskopske lucˇi s krmilnikom, ki povezuje sinhronizacijski impulz iz krmilnika kamere s
prozˇenjem krmilnika stroboskopske zˇarnice.
Sistem stroboskopske osvetlitve podjetja Hamamatsu je sestavljen iz 4 modulov: stro-
boskopske lucˇi L7684, krmilnika stroboskopske lucˇi C6096, zunanje visokonapetostne kon-
denzatorske baterije E7289 ter montazˇno-hladilne enote E6611. Dodatno smo uporabili
obicˇajni stikalni napajalnik za pretvorbo napetosti 230 V na 24 V z najvecˇjo tokovno zmo-
gljivostjo 3 A.
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Izboljˇsan sistem stroboskopske osvetlitve omogocˇa zajem ostrejˇsih posnetkov, saj name-
sto obicˇajnega integracijskega cˇasa kamere, sliko zajamemo le v cˇasu trajanja svetlobnega
impulza stroboskopske zˇarnice. Zaradi manj zabrisanih slik zaradi termicˇnih fluktuacij
lahko natancˇneje dolocˇimo upogibno konstanto membrane. Enostaven uporabniˇski vme-
snik je pripomocˇek, ki avtomatizirano krmili stroboskopsko osvetlitev, medtem ko se lahko
izvajalec meritev osredotocˇi na “lovljenje” mesˇicˇka v vidnem polju mikroskopa.
Algoritem izracˇuna upogibno konstanto Kc iz slik preseka mesˇicˇka. Najprej poiˇscˇemo
rob mesˇicˇka in dolocˇimo lokalni polmer v ekvatorialni ravnini R(π/2, φ, t) v odvisnosti od
kota φ, dolocˇimo relativen odmik r(π/2, φ, t) mesˇicˇka od polmera R0, ki bi ga imel krog z
enako povrsˇino kot ekvatorialni presek mesˇicˇka ter izracˇunamo avtokorelacijo relativnega
odmika ζ(γ, t) po kotu γ.
ζ(γ, t) =
1
2π
 2π
0
r∗(π/2, φ+ γ, t)r(π/2, φ+ γ, t)dφ ,
Cˇasovno povprecˇje avtokorelacijske funkcije lahko povezˇemo s koeficienti krogelnih funk-
cij ul preko zveze
ζ(γ) =

l
2l + 1
4π
|ul|2Pl(cos(γ)) ,
kjer v izrazu nastopajo Legendrovi polinomi Pl(cos(γ)), kjer je l njihova stopnja. Upo-
gibno konstanto dobimo kot v primeru simulacij z zvezo vrste krogelnih funkcij in koefici-
entov krogelnih funkcij
2l + 1
4π
|ul|2 = kT
Kc
1
(l − 1)(l + 2)(σ¯ + l(l + 1)) .
Simulacije so pokazale dobro ujemanje teoreticˇnega modela Milnerja in Safrana z izracˇu-
nanimi vrednostmi. Odstopanje izracˇunane upogibne konstante od upogibne konstante, ki
je bila vnesˇena v simulator kot vhodni parameter je bilo odvisno od vecˇih dejavnikov in je
bila nizˇja kot 10%. Z zgostitvijo trikotniˇske mrezˇe se razlika zmanjˇsa (slika 3, pri κ = 20kT ).
Na razliko prav tako vpliva sama vrednost upogibne konstante, kjer se z vecˇanjem togosti
membrane razlika zmanjˇsuje (slika 4 pri N = 1447). Pomemben indikator pravilnosti
modela trikotniˇske mrezˇe in simulacij Monte Carlo je tudi ta, da je povprecˇje kvadratov
koeficientov krogelnih funkcij ⟨|uml |2⟩ neodvisno od reda krogelnih funkcij m znotraj iste
vrste l.
xi
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Slika 3: Graficˇni prikaz relativnega odstopanja izracˇunane upogibne konstante Kc od upo-
gibne konstante, ki je uporabljena kot vhodni parameter simulatorja κ v odvisnosti od
sˇtevila vozliˇscˇ.
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Slika 4: Graficˇni prikaz relativnega odstopanja izracˇunane upogibne konstante Kc od upo-
gibne konstante, ki je uporabljena kot vhodni parameter simulatorja κ v odvisnosti od
vrednosti κ v enotah kT .
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Abstract
Membranes, thin barriers between compartments, can fluctuate. An important example in
nature are membranes of biological cells. Cells, these building blocks of biological systems,
have diverse capabilities and shapes. However, the basic structural elements and their
chemical composition of most cells are the same [1, 2, 3]. Fluid sheets (membranes) enclose
the cell and its compartments, while networks of filaments, if present, maintain the cell’s
shape and help organize its contents. These structural elements can have quite different
mechanical properties than macroscopic objects of our everyday life. For example, they are
very soft – solely thermal fluctuations at room temperature can generate gentle undulations
of membranes [6, 7, 8, 9].
“Flickering” of red blood cells was already recorded in the late 19th century by Brow-
icz [16] using the light microscope. Today, with phase-contrast microscopy, non-invasive
spectral analysis of those thermal fluctuations of biological membranes can provide useful
information of the membrane properties [6, 7, 8, 9].
Theoretical model for determining elastic properties of biological membranes with anal-
ysis of thermal fluctuations by Milner and Safran [6] is based on Helfrich model of membrane
[10] and includes also an implicit assumption that in the thermal fluctuations of phospho-
lipid bilayers, the shape fluctuation modes are not correlated with the lateral stretching
modes and that the mean-field approximation can be used [11]. Using Randomly trian-
gulated surfaces, we can simulate biological membrane systems in their thermodynamical
equilibrium [12], where the stochastic Metropolis-Hastings algorithm allows us to sample
their thermal fluctuations [13].
In this thesis, the coarse-grained model of the membrane is implemented in the program
written in C programming language, where the membrane is represented by randomly
triangulated network. The model takes into account the assumptions by Milner and Safran.
The output of the simulator is the bending stiffness of the membrane Kc which can be
compared with the input bending stiffness κ, to verify if the numerical simulations are in
accordance with the theoretical predictions of Milner and Safran.
The randomly triangulated surfaces Monte-Carlo simulations can become time consum-
ing for large systems, therefore some sort of parallelization is needed to harvest the capabil-
ities of modern computers. Two approaches were made and compared. The problem proved
to be embarrassingly parallelizable and we measured near theoretical max. speedup of the
simulations by running multiple instances of the simulators and combining their statistics.
Systems based on method of measurement of thermal fluctuations with phase-contrast
microscopy, interference contrast microscopy and fluorescent-interference contrast microscopy
are examples of non-invasive determination of the elastic properties of membranes [17]. Our
system is based on phase-contrast microscope and illumination apparatus presented in [18]
xiii
and [19], including image analysis described in [9]. It basically consists of a phase-contrast
microscope, a stroboscopic lighting system and a camera, connected to a computer. The
camera and the lighting system was synchronized to allow a precise, blur-less registration
of the membrane shape at the given moment, which is then analysed using user friendly
software on the computer.
The results of the simulations confirmed the assumptions of Milner and Safran. The
“measurements” of the simulations were behaving accordingly to the prediction of the
equation of Milner and Safran, thus we concluded that the numerical simulations of nearly
spherical vesicles modelled with triangulated networks can be used to determine the bending
stiffness. Depending on the resolution of the simulations (the density of the mesh) the
difference between input and measured bending stiffness can be well below 10%.
xiv
1 Introduction
1.1 The cell and its membrane
Cells are the basic building blocks of all known living organisms. They are the smallest
unit that can replicate independently. Cells consist of cytoplasm kept together by a cell
membrane. The shape of the cell is partly set by cytoskeleton made of microfilaments and
microtubules, that also keeps cell organelles in place. The organelles are parts of the cell,
that perform specific functions, that are vital for cell operation [4]. The structure of a
typical animal cell is shown in figure 5.
The structure and function of cells also strongly depend on the membrane properties.
Membranes are not only the separating layer between inner and outer cell, but they also
enclose the contents of inner structures like nucleus and organelles [5]. The formation
of biological membranes is possible due to the properties of lipids, and all cell membranes
share a common structural organization. The lipid bilayer forms the main part of the barrier
between the inner cell and the surroundings that due to its densely packed lipid molecules
allow only small molecules, like water, to pass through [5]. The proteins embedded in the
membrane (figure 6) are responsible for many specialized functions. They can act as signal
transceivers between the cell and the surroundings, some are helping with transport of
molecules through the membrane from the surroundings into the cell and in the opposite
way, while other participate in electron transport and oxidative phosphorylation [5].
Lipids are the main building blocks of the cell membranes – together with the proteins
Figure 5: A diagram of an animal cell [20].
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Figure 6: A closeup of the phospholipid membrane and embedded proteins [21].
they build up almost entire mass of the membrane. In a 1 µm2 area of membrane there are
5 · 106 lipid molecules [4]. All of the lipid molecules are built up by combining hydrophilic
(polar) head and hydrophobic (non-polar) tail. Three types of lipid molecules constitute
the membrane – phospholipids, glycolipids and cholesterol [22], where the most abundant
are phospholipids [4].
A phospholipid molecule is constructed from four components: a platform to which the
rest of the molecules are connected to is made of glycerol or sphingosine, to which fatty
acids and phosphate are attached [22]. Furthermore, to the phosphate the alcohol molecule
is attached (see figure 7). Some common phospholipids found in cell membrane that are
derived from glycerol base are called phosphoglycerides and include: phosphatidyl serine,
phospatidyl choline, phosphatidyl ethanolamine, phosphatidyl inositol and diphosphatidyl
glycerol. Sphingomyelin is a phospholipid found in membranes that has sphingosine, a more
complex alcohol, as its base [22].
The fatty chains are made of even number of 16 to 20 carbon atoms, where 16 and 18
carbon fatty acids prevail. The fatty acids can be build up of only single bonds between
carbon atoms, called saturated fatty acids or they can have double bonds, whereas then
they are called unsaturated fatty acid [4]. At the location of double bond the chain is
“bent” – the chain creates a kink (clearly visible in figure 7), playing and important role in
phospholipid packing in the membrane and its properties, like liquidity of the membrane
[4].
Structure of all lipid molecules can be simplified to two parts (figure 8). Fatty chains
are called tail of the lipid and has hydrophobic properties. The remainder of the molecule
composes a head that is polar and it is thus hydrophilic. A molecule having hydrophobic and
hydrophilic properties at the same time is called amphipathic (or amphiphillic) molecule
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Figure 7: Phosphatidylcholine as an example of the phospholipid. On the left there is
a structural formula followed by schematic representation of the molecule on the right.
Double bond is producing a typical kink in one of the fatty acid chain.
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non-polar (hydrophobic) tails
polar (hydrophilic) head
Figure 8: Simplified model of lipid molecule.
[4].
1.2 Self assembly of phospholipid bilayer vesicle
Let us consider the case, when we have the non-polar molecules in water. Non-polar
molecules are not soluble in water and are thus considered as hydrophobic. Water molecules
are going to form ice-like cages around the hydrophobic molecule, that are more organized
as surrounding water, thus there is an increase of free energy in this region [4]. It is
energetically favorable to avoid water-hydrophobic molecule interactions.
Due to the shape and amphipathic properties of lipid molecules they can easily form
bilayers spontaneously in aqueous solutions. To avoid energetically unfavorable interface
between hydrophobic tails and water molecules, the lipid molecules have oriented heads
towards the water solution and tails toward another phospholipid molecule. Two possible
shapes can originate from this behaviour. Firstly, if the shape allows lipids to aggregate
densely, they can form micelles. This is true for conically (wedge) shaped lipids. Secondly,
they can self assemble into bilayers. The phospholipids which have cylindrical shape form
bilayers in water environment [4].
micelle lipid bilayer
Figure 9: Self assembly of amphipathic lipid molecules into two possible shapes.
Interestingly, such bilayer has “self healing” properties. If a pore or a rift appear in the
bilayer, the hole is quickly “cured” and bilayer is restored, because a water molecule coming
in contact with phospholipid tails create repulsive force and the rift or pore is sealed. The
similar mechanism is the reason that the bilayer is self-assembled into closed structures,
called vesicles (figure 10) [4].
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vesicle
water medium
Figure 10: Due to free energy cost at the end of bilayer, the bilayer shapes a spherical
structure – lipid bilayer vesicle.
Lipid bilayer mebranes have some properties of two-dimensional fluids in which individ-
ual molecules are free to rotate around its axis and move in lateral directions. The fluidity
of lipid bilayer membranes are determined by temperature and lipid composition. For ex-
ample, the interactions between shorter fatty acid chains are weaker than those between
longer chains, so the lipid bilayer membranes containing shorter fatty acid chains are less
rigid and remain fluid at lower temperatures. Lipids containing unsaturated fatty acids
similarly increase membrane fluidity because the presence of double bonds introduces kinks
in the fatty acid chains, making them more difficult to pack together [5].
1.3 Measuring the bending stiffness of lipid bilayers
The study of physical properties of the cell membranes is highly important for better
understanding of the working of the cell. Many studies deals with basic properties of the
phospholipid membranes including the measurement of bending stiffness and the external
influences or structural changes to the stiffness of the membrane (see for example [23, 24,
25, 26]).
The methods for measuring the bilayer bending stiffness belong to two groups, described
below. Microscopic methods provide structural data at the molecular level, yet numerical
modeling or molecular dynamics simulations are required to relate these data to macroscopic
properties. Macroscopic methods offer more direct measurements on membrane response to
external perturbations, but contact methods which are a common subgroup of macroscopic
methods are mostly invasive, which may drive the specimen out of its natural state [27].
Microscopic methods are neutron diffraction [28], x-ray diffraction [29, 30], electron
spin resonance [31] and in the macroscopic group we find micropipetting technique [32, 33],
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atomic force microscopy [34], optical dynamometry [35], differential scanning calorimetry
[36], tether formation of GUV measurements [37] and spectral analysis of shape fluctua-
tions [8, 38, 39, 40, 41]. Optical macroscopic methods, such as spectral analysis of shape
fluctuations do not impose external influence on the measured specimen [27]. However, us-
ing purely optical macroscopic methods, the measurement precision is limited with optical
imaging resolution, therefore many research is focused mainly on giant unilamellar vesicles
(GUVs) [42]. GUVs are closed lipid bilayer shells 5–200 µm in diameter that are easier to
observe under the optical microscope contrary to the small unilamellar vesicle (30–50 nm) or
large unilamellar vesicle (100–200 nm). Synthetically prepared vesicles have an important
advantage over living cells in that the membrane composition is systematically controllable
[42].
The basic principles of spectral analysis of shape fluctuations are described in [43]. Ther-
mal fluctuations of bilayer membranes of vesicles occur due to Brownian motion of the water
molecules, colliding with the membrane of the vesicle, causing a localized displacement. As
stated in [44], the magnitude could be theoretically deduced by measuring the shape of the
vesicle as a function of the hydrostatic pressure excess of the water exterior to the vesicle
over the vesicle interior, however the pressure excess is too small to measure [44]. Due to
small curvature modulus, there are many thermally accessible shapes having the same area
and volume that are within kT (where k = 1.38 · 10−23m2 kg s−2K−1 is Boltzmann constant
and T the absolute temperature) of the equilibrium configuration of the flaccid vesicle. For
this reasons, the shapes of thin-walled unilamellar vesicle are observed to fluctuate [44].
The flickering of the red blood cells, which is a consequence of the fluctuations of their
membrane was observed already in 1890 by means of the bright-field optical microscope
[16]. The fluctuation of the synthetically prepared GUVs today is measured by means of
recording a number of the microstates of the vesicle using the phase-contrast microscope
and analyzing the data extracted from acquired images [39].
1.4 Overview of the experimental methods for determination of
bending stiffness with spectral analysis of thermal fluctua-
tions
The equation of Milner and Safran for determination of bending stiffness [6] serves as the
basis of the measurement of the thermally fluctuating vesicles:
|uml |2 = kTKc 1(l − 1)(l + 2)(σ¯ + l(l + 1)) . (1)
In the above equation Kc is bending stiffness (in units of kT ), ⟨|uml |2⟩ is the time average
of the squares of the spherical harmonics modes, where l and m are degree and order of
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spectral analysis of thermal fluctuations
Figure 11: The image of the vesicle, observed through the phase-contrast microscope.
the associated Legendre polynomial Pml , both being integers where l > 1 and −l ≤ m ≤ l.
In the above relation σ¯ represents dimensionless mean lateral tension. See appendix A for
example of derivation of 2-D case.
The vesicles are observed by means of the phase-contrast optical microscope and mi-
crostates are recorded by CCD camera [19]. A sample of the image is shown in figure 11.
However, images as observed by microscope consists only of the equatorial cross-section
of the vesicles and not of the whole vesicle surface. The distances of chosen points on
the vesicle equatorial cross-section is measured from the vesicle center. It has been shown
that if the fluctuations of semi-spherical vesicles are small compared to the average vesicle
radius R0, the expression for relative displacement defined as r(ϑ, φ, t) =
R(ϑ,φ,t)−R0
R0
, where
R(ϑ, φ, t) is the length of the radial vector from the origin to the point on the membrane,
can be written as |r(ϑ, φ, t)| << 1. The angular autocorrelation function ζ(γ, t) of the
relative displacements r of the equatorial crossection of the vesicle is [11]
ζ(γ, t) =
1
2π
 2π
0
r∗(π/2, φ+ γ, t)r(π/2, φ+ γ, t)dφ, (2)
where γ is an angular “lag” (the term is coined from usual time signal autocorrelation,
where τ is used instead of γ). With time t in equations we stress that the relation is valid
in every moment and that in the relation all the quantities must be taken from the same
time step. The angles ϑ and φ are the angles in spherical coordinate system. Note that for
the vesicles observed with the microscope in 2-D plane, only the relative displacements at
the angle ϑ = π/2 can be observed.
In derivation done in [11] the time averaged angular autocorrelation function is used
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with the equation given by Milner and Safran [6] to get the expression for determination of
the bending stiffnessKc from the microscope images taking into account only the knowledge
of the equatorial thermal fluctuations. The averaged angular autocorrelation is expressed
with the time averaged modes of the spherical harmonics ⟨|ul|2⟩ given by degree l according
to the equation
ζ(γ) =

l
2l + 1
4π
|ul|2Pl(cos(γ)), (3)
where the Pl(cos(γ)) is Legendre polynomial. The expression
2l + 1
4π
|ul|2 = kT
Kc
1
(l − 1)(l + 2)(σ¯ + l(l + 1)) , (4)
is describing the relation of the fluctuation modes l > 1 with the bending stiffness Kc.
This expression differs with the equation 1, since it takes into account only the thermal
fluctuations in the equatorial cross-section.
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1.5 Coarse grain modelling of the membrane with randomly tri-
angulated surfaces
Randomly triangulated surfaces [12, 45, 46] can be used to model membranes whose shapes
thermally fluctuate and exhibit lateral fluidity (i.e. lipid molecules can laterally diffuse
within the lipid bilayer).
In such coarse grained models of fluctuating membrane vesicles, the group of molecules
building up the membrane patches are described by a set of vertices linked with bonds of
flexible length to form a closed, randomly triangulated and self-avoiding network. Lengths
of the bonds can vary between the given minimal and maximal values and all vertices expe-
rience a hard-core repulsive potential at the given mutual distances. Choosing appropriate
values for this distances, which are parameters of the model, self-avoidance of the network
can be obtained – assuring that the membrane does not penetrate itself (as will be described
in more details in section 2).
The thermal fluctuations of the vesicle membrane are simulated by employing the Monte
Carlo method, where Monte Carlo steps are vertex moves and bond flips. The vertex move
includes a random displacement of the vertex within a given volume of space (while still
assuring self-avoidance of the network – see section 2). The bond flip involves four vertices
of the two neighboring triangles. The bond shared by the neighboring triangles is cut
and reestablished between the other two, previously unconnected, vertices. Vertex moves
assure shape fluctuations of the membrane, while bond flips assure lateral fluidity within
the membrane.
1.6 Canonical ensemble and Metropolis-Hastings method
Let us consider fluctuating vesicles at constant temperature and in equilibrium.
The lipid bilayer is assumed to be impermeable for water molecules on a timescale of
thermal fluctuations and due to the low compressibility of water we can assume the vesicle’s
volume to be constant during thermal fluctuations.
Lipid bilayer exhibits much more resistance to stretching then to bending. With thermal
fluctuations some lateral stretching of the membrane occurs on the scale of phospholipid
molecules, however, the energy required to significantly change the area of the membrane
greatly exceeds the thermal energy kT , therefore we can assume that the overall area A of
the membrane remains almost constant during thermal fluctuations (∆A≪ A).
The system in thermodynamical equilibrium is represented by the canonical ensemble
[47, 48], where the probability to find the system in a given microstate (i.e. given positions
and momenta of all the particles of the system) falls exponentially with the energy of
the microstate. Therefore the microstates of the vesicle are sampled according to the
9
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Metropolis-Hastings algorithm [49]. Each individual Monte Carlo step (vertex move or
bond flip) is accepted with probability
P = min [1, exp (−∆E/kT )] , (5)
where ∆E is the energy change due to the vertex move or bond flip.
1.7 Determination of bending stiffness from vesicle microstates
Using the theory of Milner and Safran [6] (see also appendix A) the bending stiffness Kc
of the membrane can be measured from the spectral analysis of thermal fluctuations of the
randomly triangulated surface of the nearly spherical vesicle.
Let us consider the triangulated nearly spherical vesicle with volume V0 and let R0 be the
radius of a sphere with the same volume. The length of the radial vector Ri(t) = R(ϑi, φi, t)
from the origin to the vertex i at time t is then defined as
R(ϑi, φi, t) = R0[1 + r(ϑi, φi, t)], (6)
where ϑi and φi are the spherical coordinates of the i-th vertex and r(ϑi, φi, t) is the relative
displacement of the i-th vertex.
In order to calculate the bending stiffness Kc, the relative displacements r(ϑi, φi, t) are
decomposed into a series with respect to the spherical harmonics Y ml (ϑi, φi):
r(ϑi, φi, t) =
lmax
l=0
l
m=−l
uml (t)Y
m
l (ϑi, φi), (7)
where cutoff lmax is of the order of R0/dmin (where dmin is the non-dimensional minimal
distance between the two neighboring vertices in the network) and the spherical harmonics
are defined as
Y ml (ϑ, φ) =

(2l + 1)
4π
(l −m)!
(l +m)!
Pml

cos(ϑ)

eimφ (8)
using associated Legendre polynomials Pml .
The complex coefficients uml (t), that will serve us as the basis for forming the equation
1 can then be calculated using the relation
uml (t) =

Ω
r(ϑ, φ, t) (Y ml (ϑ, φ))
∗ dΩ, (9)
where the integration runs over the solid angle Ω of the sphere. The discretization of the
above expression can be done as
uml (t) =
N
i=1
Ωi(t)ri(t) (Y
m
l (ϑi(t), φi(t)))
∗ , (10)
10
1.7 Determination of bending stiffness from vesicle microstates
where Ωi(t) is the solid angle corresponding to vertex i and the sum runs over all vertices
of the triangulated surface (the number of vertices is denoted by N).
The mean squared amplitudes of spherical harmonics ⟨|uml |2⟩ are calculated by averaging
the |uml (t)|2 values over an ensemble of microstates of the vesicle in the thermal equilibrium.
Using the expression of Milner and Safran [6] (equation 1), the bending stiffness Kc and
the dimensionless mean lateral tension σ¯ of the membrane can be obtained.
Since the right-hand-sides of equation 1 do not depend on the order of spherical har-
monics m, the mean squared amplitudes of spherical harmonics obtained from simulations
are first averaged overm and then the obtained values ⟨|ul|2⟩ are used on the left-hand-sides
of equation 1: |ul|2 = kT
Kc
1
(l − 1)(l + 2)(σ¯ + l(l + 1)) .
To obtain the bending stiffness Kc and the dimensionless mean lateral tension σ¯ of the
membrane together with their standard errors, the ⟨|ul|2⟩ from simulations are fitted with
the formula of Milner and Safran (equation 1) using an inverse squared variance weighted
nonlinear fit (see, for example, nonlinear model fitting in [50]).
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2 Algorithm of trisurf
As a basis for the simulator of thermally fluctuating vesicle with self avoiding triangulated
surface trisurf the previous simulator written in FORTRAN was used [51]. The original
code was difficult to expand and was outdated at some places. To reorganize the code, it was
thus necessary to rewrite the whole program from scratch to follow more organized way of
programming, that will allow further expansion of the program to include new features and
simulating capabilities – including new physical models and models for additional biological
structures, like polymers, etc. Since the simulations are time consuming, the possibilities
for parallelization was also considered in the requirements list of the program.
The simulator trisurf is written in C programming language, developed by Dennis
Ritchie at AT&T Bell labs during the years 1969 and 1973 [52]. The C syntax used was
ANSI C Standard (X3.159-1989) by American National Standards Institute that was defined
in 1989 and is still widely in use today and is virtually the same as ISO standard (ISO/IEC
9899:1990) ratified in 1990 [53]. Strong point of C programming language is its simplicity
and speed of execution of compiled code. The speed also depends on optimization of the
compiler. The free software1 GCC (GNU Compiler Collection) used to compile the source
code into machine readable instructions is a modern compiler with many optimization
options for many processor architectures. The source code written in GCC can be easily
ported between many different computers, such as Intel compatible (32- and 64-bit) and
ARMs as the most popular general purpose processors today [54]. An addition to standard
GCC, the proprietary NVIDIA’s CUDA software development kit, allows the program to
be adapted to run in NVIDIA based graphical processors [55] or by using OpenCL [56]
it is possible to compile the program for ATI graphics processors. Many other variants of
compilers compatible with GCC exist, however, to use their special features some adaptation
of the program is necessary, which sometimes includes change of the program’s structure
logical flow and/or computing algorithms.
Our program algorithm was based on the flowchart presented in figure 12.
The program starts by reading its input parameters from the configuration file, called
tape – nomenclature that is kept from the original program, where configurations were
probably kept as magnetic inscriptions on physical tapes. After the configuration file is
read, the algorithm decide whether to start a new simulation from the parameters in tape
or continue the ongoing (but aborted) simulation from vesicle state stored on disk. In
both cases, the simulations continue by performing so called Monte Carlo sweeps (MCs) –
1Free Software Foundation, created by Richard Stallman, prefers to call its software “free software”
emphasizing that “free” means the same as free- in freedom and not free as gratis. Some people call free
software open source software. There is a slight philosophical distinction between the two terms, but in its
core, they both mean freedom to distribute and modify (and distribute modified) source code.
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Figure 12: Simplified flowchart of the trisurf algorithm.
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attempts to move all vertices and to move randomly chosen bonds.
In tape there is a parameter of how many MCs are performed before a new state is
recorded for statistics and dumped to the disk as backup (an precursor for future restart of
the simulation from existing simulation data), and another parameter that determine how
many samples are needed (are “enough”) for achieving desired statistical “accuracy” of the
result. When enough samples were made the program aborts with calculation of spherical
harmonics. After completing the simulations, statistical data of all the recorded microstates
are saved on hard disk for further analysis and visualization. The procedure of compiling
and linking with required libraries by GCC compiler and linker is automated using GNU
make system. make system is a tool that uses recipes found in so called “make files” to
compile and link necessary files, while doing checks of which source files have changed. A
complex program such as trisurf that depend on external system libraries, which can
reside on different places in the operating system installation, would need a complicated
(and still incomplete) recipe to build correctly on different machines. To overcome the
problem, make files are created using the automake system, that checks the location of
required libraries and create make files. The GCC compiler, make and automake consist
of complete build machinery that takes source code and development configuration files as
input to produce “usable” executable program by including some helper libraries from the
system.
Libraries are collection of simpler functions or subroutines that are prewritten and pre-
compiled to be included in larger programs. They are commonly used in complex programs
to speed up the process of program development and debugging, since there is no need to
“reinvent the wheel” with its programming errors altogether. If a library for some task
exist it is a good practice to use it to avoid repeating already discovered and corrected
programming errors2.
trisurf makes use of some typical system libraries that are a part of standard compiler
libraries, by including header files stdio.h, stdlib.h and string.h and three specialized
libraries that need to be additionally installed if they do not exist on the system. They are:
• GNU Scientific library with BLAS (GSL) – used for dealing with complex numbers
and linear algebra
• LibXML 2.0 – for input and output of XML files
• Libconfuse – for parsing configuration file (tape)
Even if the conceptual algorithm is simple, there is a need to keep the code well orga-
nized and tidy for better readability, an important aspect for future software revisions and
2Popular name for a programming error is “bug”. The process of removing the error is then called
“debugging”.
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specially for debugging. For this reason, the code is divided into multiple files, that are
bearing logically chosen file names describing the file content. The source code is kept in
files ending with .c extensions, where each file with code has its corresponding header file
with the same name and extension .h. Header files complement C sources and helps with
linking of all the necessary source code into machine executable program, by listing the
function prototypes – a quick programmatic description of the function input and output
parameters. Besides, the header files provides description of data structures.
Source files that implement the algorithm described in this subsection are located in
src subdirectory of the project. They are:
bond.c frame.c sh.c
bondflip.c general.c shcomplex.c
cell.c initial_distribution.c constvol.c
io.c main.c dumpstate.c
stats.c energy.c poly.c
timestep.c triangle.c vertex.c
vertexmove.c vesicle.c general.h
The entry point into the program is in the file main.c. From this file it is easy to follow
the algorithm flow. Header files are not included in the list, since they provide descriptions
of the functions in the C files, with one important exception. Header general.h which is
included in all the C source files define data organization, probably the most important
aspect of trisurf organization.
In most of the files there is a group of functions that perform operations on data in
data structure, whether they handle memory for creating and destroying the data or its
manipulation while keeping it consistently organized.
2.1 Data structure
Data structure is description of organization of data in the memory and it aids program
development [57]. Different parts of program (functions) interchange large amount of data
and it is therefore essential, that data transfers are not affecting the speed of computation
(or they affect it as little as possible). In terms of data transfers it would be optimal that
there would be no data transfer at all (this usually means no functions in program, just
linear set of instructions). However such program would not reach past certain complexity,
since the number of bugs in program would render it useless and the maintenance of linear
code would become progressively more complicated with each new feature added to the
algorithm. Therefore it is crucial to organize data into structure that will require minimal
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effort to pass from one function that is specialized for one single task to another function
with another task, and will be easy to understand by the programmer (and the source code
reader). The C programming languages has predefined data types for integer and floating
point numbers, but it allows programmer to extend its set of data types by creating custom
structures.
Structures are collections of different types of data, represented by single identifier
– a variable or a pointer in working memory space where this data is located if data
already resides somewhere in the memory. Pointers are especially useful, since they provide
flexibility to pass data around by just “pointing” at them or in other words, by providing
addresses of the data in memory space. There is no need to move the actual data from one
function to another by copying data in memory, instead the functions exchange pointers,
the information on data location. By knowing how multiple data members are organized
within structure, functions can then access individual data. In some way, structures help
writing object-oriented-like programs, where structures can be treated as object, whereas
they are missing functions (in object oriented world commonly called methods) and some
properties like inheritance, polymorphism, etc. to be real object.
A dynamical memory management was introduced in the trisurf simulator to over-
come the necessity to recompile the source code whenever the parameters of the simulations
change, as it was done by the original code. The memory needed for computation is not
previously defined nor its amount know prior to the program start and therefore memory
space is not reserved at the start of the program, but is allocated during the program ex-
ecution when it is required, returning the pointers to the memory space where the data
resides. Again, pointers to allocated memory play crucial role and in the same time they
play a double role as a pointer to data structures as well.
Some design choices of the data structure are due to the nature of the problem, whereas
some others are purely for practical reasons to help programmers not to make mistakes
while accessing data or changing it. These types of mistakes are common in C and one
of the downside of C for which this programming language is notorious for. Segmentation
faults (accessing wrong part of memory) or memory leaks (forgetting where the data is and
leaving it there) are the most known errors in C programs that are sometimes difficult to
discover (debug).
C structures in trisurf correspond to objects of the simulation. The topmost structure
describes vesicle and how the vesicle is represented to the computer (figure 13). The vesicle
is represented by triangulated surface consisting of vertices, connected by bonds that form
triangles. It is not a coincidence that these three data structures are the most notable data
members of vesicle.
In figure 13 the most important data members of the structure ts vesicle that de-
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Figure 13: A mind map of ts vesicle data structure.
scribes vesicle is shown. The nodes that are prefixed by an asterisk (*) are pointers to
another data structure. In this case, we have a pointer to a list of vertex *vlist, a pointer
to a list ob bonds *blist and a pointer to a list of triangles *tlist. These are the three
types of data structures describing objects that constitute a self avoiding consistent trian-
gulated mesh representing the membrane.
Additionally there is a pointer called *clist in vesicle, which is a pointer to a list
of the subspaces – cells – that divide the 3-D space where vertices can exist into smaller
regions. This list is required for quickening the algorithm for detecting collision between
vertices while moving them. Pointer *tape is pointing to a data structure that stores all
information on vesicle described in tape, including procedure of simulation and is virtually
the copy of the tape file in the memory.
Pointer to a data structure called *sphHarmonics is pointing to data which store inter-
mediate and final results of spherical harmonics series decomposition. All the other data
that are relating to the vesicle are shown on mind map as a single node, but are in real-
ity multiple of integer or floating point numbers that describe vesicle behaviour. Let us
mention the most important ones:
• bending rigidity – input bending stiffness used in simulation
• cm[3] – spatial coordinate of the center of mass
• area – sum of the areas of the triangles, i.e. the area of the membrane
• volume – volume of the vesicle
17
2. Algorithm of trisurf
• pressure – differential pressure inside the vesicle vs. outside of the vesicle
The whole C structure that describes the vesicle is listed below:
typedef struct {
ts_vertex_list *vlist;
ts_bond_list *blist;
ts_triangle_list *tlist;
ts_cell_list *clist;
ts_uint nshell;
ts_double bending_rigidity;
ts_double dmax;
ts_double stepsize;
ts_double cm[3];
ts_double volume;
ts_spharm *sphHarmonics;
// Polymers outside the vesicle and attached to the vesicle...
ts_poly_list *poly_list;
// Filaments inside the vesicle not attached to the vesicle membrane:
ts_poly_list *filament_list;
ts_double spring_constant;
ts_double pressure;
ts_int pswitch;
ts_tape *tape;
ts_double R_nucleus;
ts_double area;
} ts_vesicle;
Data structures *vlist, *blist and *tlist are trivial and consist of two members
– the number of vertices, bonds or triangles and the actual list (one dimensional array)
of those. These three intermediate data structures are needed to make accesses easier to
remember for the programmer and avoid programming mistakes.
The data structure that describe the vertex is of the type ts vertex. It is one of the
most information loaded data structure that describe a single vertex in triangulated surface.
Its design is illustrated in figure 14.
Besides obvious values for x, y and z position of the vertex in space, there are some
less self-explanatory data members – pointers to some other objects. From inside of the
algorithm for energy calculation, flipping a bond, etc. there is always a need for vertex
to “know” which are its nearest neighboring vertices (the other vertices that is connected
18
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Figure 14: A mind map of ts vertex data structure.
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with, creating a bond). This is achieved by a dynamically resizable list of neighbors stored
in **neigh. Double asterisk denote that this data is a pointer to a pointer, which is another
way to represent a pointer to a list in C programming language. The number of neighbors
is stored in neigh no. Similarly, the knowledge of the bonds that hold vertex with its
nearest neighbors is implemented by **bond, a list of bond no number of bonds. Number
of bonds should be the same as the number of nearest neighbors, but for the flexibility, the
data structure assumes that there could be nearest neighbors that are not connected – a
feature that the simulator does not use yet. Also an important information that must be
accessible from the vertex is the information which triangles is the vertex forming (together
with two more vertices). This is stored in pointer **tristar (if you look at the vertex with
its triangles from top, it looks like a star). The variable, tristar no stores the number
of the triangles that the vertex belongs to. Last important structural information is the
approximate location of vertex in space, that is in which subspace cell the vertex is situated.
The vertex can access information of that region of space through pointer *cell.
The rest of the data store important scalar information about the vertex. In current
physical model, the curvature and energy is defined at vertex level, so each vertex store
information about local energy (energy) and local curvature (curvature). Also local spon-
taneous curvature can be assigned for each vertex. Spontaneous curvature c allows defining
the shape of completely relaxed membrane without any bending energy. However, for all
the current cases, the spontaneous energy is initialized as 0. There is also an id information
of the vesicle, to allow future expansion of the algorithm and different species of vertices
with different behaviors, vertices are furthermore indexed (idx) for practical purposes when
creating a visualization images, etc.
The whole data structure of a vertex in C programming language is defined as following:
struct ts_vertex {
ts_uint idx;
ts_double x;
ts_double y;
ts_double z;
ts_uint neigh_no;
struct ts_vertex **neigh;
ts_double curvature;
ts_double energy;
ts_double energy_h;
ts_uint tristar_no;
struct ts_triangle **tristar;
ts_uint bond_no;
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Figure 15: A mind map of ts bond data structure.
struct ts_bond **bond;
struct ts_cell *cell;
ts_double xk;
ts_double c;
ts_double projArea;
ts_double relR;
ts_double solAngle;
ts_uint id;
};
Information on bonds is more lightweight in data, as all data members are shown in
figure 15.
Bonds store information on vertices that are bonded through pointers *vtx1 and *vtx2.
The length of the bond is information stored in bond length. For calculation of the energy
length of the bond in a dual lattice (bond length dual) is also important as we will show
later. Bonds are indexed using (idx) for practical reasons and are not necessary needed.
The whole listing does not reveal anything special about this structure.
struct ts_bond {
ts_uint idx;
ts_vertex *vtx1;
ts_vertex *vtx2;
ts_double bond_length;
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Figure 16: A mind map of ts triangle data structure.
ts_double bond_length_dual;
};
Last data structure, describing the triangles that interlinks with bonds and vesicles by
pointers is ts triangle (figure 16).
From every triangle it is possible to reach information on the three vertices at its nodes
stored by pointers to vertices *vertex[3]. Each triangle must have three neighbours if we
wish to simulate closed surface without any rifts, therefore neigh no always equals 3 and
there is a pointer list linking to all three triangles that are touching the central one with
one side **neigh. In future, it will be possible to extend simulator to simulate breakage of
the surface by destroying the neighbours. This is the reason that the number of neighbors
is not hard-coded into the program.
Three components of normals are stored in xnorm,ynorm and znorm, as well as the part
of the total area of the surface covered with given triangle (area) and the volume (volume)
of pyramid created by triangle as a base and center of the vesicle as the fourth point. The
C structure is defined as:
struct ts_triangle {
ts_uint idx;
ts_vertex *vertex[3];
ts_uint neigh_no;
struct ts_triangle **neigh;
ts_double xnorm;
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ts_double ynorm;
ts_double znorm;
ts_double area;
ts_double volume;
};
The rest of the data structures are easier to manage, since there are not so many linkage
by pointers to other structures within them. For separating the space into cubic subspaces
we define cells. Each cell has information on all the vertices that are in the cell (in the
subspace covered by the cell) and the number of those.
typedef struct ts_cell {
ts_uint idx;
ts_vertex **vertex;
ts_uint nvertex;
} ts_cell;
Cells are kept together in ts cell list structure. Cell list also include number of all
cells and how the cells are organized in three dimensional space.
typedef struct ts_cell_list{
ts_uint ncmax[3];
ts_uint cellno;
ts_cell **cell;
ts_double dcell;
ts_double shift;
ts_double max_occupancy;
ts_double dmin_interspecies;
} ts_cell_list;
For final calculations of spherical harmonics, the information on intermediate results
and pre-calculated coefficients is stored in ts spharm data structure as it is defined in the
header file.
typedef struct {
ts_uint l;
ts_double **ulm;
gsl_complex **ulmComplex;
ts_double **sumUlm2;
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ts_uint N;
ts_double **co;
ts_double ***Ylmi;
} ts_spharm;
2.2 Initial state
Comprehensive data structure allows the programmer to keep the program simple and well
organized. However, the data structure must be initialized correctly. That means, the
memory space must be correctly allocated and initial data correctly filled into the allocated
space. While implementing the algorithm, constant care must be taken to keep the data
structure in order. Lastly, on the completion of the program, all data must be removed
from the memory correctly to follow best programmer practice.
Initial state, when the program starts can be achieved in two ways. If we have dumped
vesicle state from the previous simulations, we can use that data to restore memory into
the last known state or if we begin the simulations for the first time, we must take special
care to build the triangulated network and corresponding data structure consistently, since
any mistake in building will cause some kind of error (often fatal) during the simulation.
First step, after reading the parameters on size of the vesicle (number of vertices) and the
structural and mechanical properties of the vesicle, is to create a geometrically correct shape
with well controlled distance between the vertices and with correct ordering of neighbors.
Latter is especially important for determining the orientation of triangle normals. The
vertices are placed on the surfaces of pentagonal bipyramid for that reason.
Pentagonal bipyramid is not the shape of the spherical vesicle, but it will be easily
“tempered” and shaped into a nearly spherical vesicle model that is suitable for simula-
tion in the same way as the microstates are generated. In tape the parameters nshell
and dmax parameters set the geometric rules. nshell (Nshell) is the number of divi-
sions of a pentagonal bipyramid edge. All edges are divided into nshell subdivisions
and vertices are placed in the subdivision ticks. Afterwards, the faces are populated by
vertices achieving equal distance between nearest neighbors. This operation is handled by
function pentagonal dipyramid vertex distribution(ts vertex list *vlist) in the
source file initial distribution.c. Altogether there is N = 5N2shell + 2 vertices on the
surface of the bipyramid after the operation.
Secondly, initialization of each vertex neighbouring vertices are initialized in init vertex
neighbours(ts vertex list *vlist). For further calculation it is important to access
data from other vertices at all times, therefore this initialization is of major importance.
If the distance between two vertices is less than A0 = 1.2 then they are considered to be
neighbors and are linked together with a bond. We already have a linked vertices with the
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“awareness” of the neighbors, but the neighbors are unordered.
Neighbors list within a vertex is ordered so that the neighbors are listed in counter
clockwise order from the direction of view shown by the surface normal pointing out-
wards. At the same time, bonds are initialized. Both operations are done in function
init sort neighbors (ts bond list *blist, ts vertex list *vlist).
Next, the triangles are found and initialized in init triangles(ts vesicle *vesicle).
Knowing that vertices have neighbours already ordered, we can look at each vertex and find
a list of two neighbors that form correctly (counter clockwise) oriented triangles, that has
normal pointed outwards.
Triangles neighbours are then initialized, and are again listed in counter-clockwise direc-
tion. This is done in init triangle neighbours(ts vesicle *vesicle) and the triangles
that belong to specific vertex are listed in vertex’s **tristar pointer list in the function
called init common vertex triangle neighbours(ts vesicle *vesicle).
Initial state is completed, when the normals to the triangles are set and mean curvature
at vertices and energy is calculated.
2.3 Energy calculations
Energy calculation is strongly dependent on the physical model chosen in simulations. Here,
the model and its program implementation done in energy.c is presented.
In present model, standard Helfrich expression for tensionless membrane with zero spon-
taneous curvature and fixed topology is used to describe the bending energy Wb [10]
Wb =
κ
2

A
(c1 + c2)
2 dA, (11)
where κ is the bending stiffness of the membrane, c1 and c2 are principal curvatures of the
vesicle and the integration is preformed over the membrane area A. To discretize energy
the expression [15, 58]

A
(c1 + c2)
2 dA =

i
1
σi

j(i)
σij
dij
(Ri −Rj)
2 , (12)
is used, where the outer summation runs over all vertices and the inner summations runs
over all nearest neighbors, Ri is radial vector of vertex i (determined by the position of the
vertex), dij is distance between vertices i and j, which can also be calculated by accessing
position of the nearest neighbor pointer in the i-th vertex data structure. The expression
σi =
1
4

j(i)
σijdij (13)
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Figure 17: The vertices for energy calculation
is the area of the cell in the dual lattice [15] in vertex i. Here σij = dij[cot(θm) + cot(θp)]/2
is the distance between vertices in dual lattice, θm and θp being opposite angles to side ij
in the two triangles that share the common bond ij (see figure 17).
Energy of a part of the membrane that corresponds to a single vertex is calculated
in function energy vertex(ts vertex *vtx), that receives one argument, a pointer to a
vertex where the energy is to be calculated. All required data about its neighbors can be
accessed through pointer list **neigh no.
Because energy calculation are done very often – at initialization of the vertex and after
each attempt to move a vertex or flip a bond, even if the chosen action is later abandoned
– it is important that calculation of vertex energy is optimized to be as fast as possible.
Due to the well organized neighbours list, where neighbours of each vertex are sorted in
counter-clockwise direction, the vertices jm and jp needed are quickly found in the nearest
neighbor list for each pair of chosen vertex i and each nearest neighbor j. From all of
the four vertices the expression [cot(θp) + cot(θm)]/2 is calculated with the following dot
products of the difference of position vectors of the four points (i, j, jm and jp)
x1p = (i− jp) · (i− jp) (14)
x2p = (j− jp) · (j− jp) (15)
x3p = (j− jp) · (i− jp) (16)
are calculated. From these three numbers the
ctp =
x3p√
x1px2p − x3p = cot(θp) (17)
is calculated. The procedure is repeated for vertex jm resulting in similar set of equations
x1m = (i− jm) · (i− jm) (18)
x2m = (j− jm) · (j− jm) (19)
x3m = (j− jm) · (i− jm) (20)
ctm =
x3m√
x1mx2m−x3m = cot(θm), (21)
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where the final result is ctm. Length of the bond in dual lattice σij = [ctp + ctm]/2 is used
for the determination of the h2i .
h2i =

j(i)
σij
dij
(Ri −Rj)
2 (22)
Since we already have σij for each pair of vertex i and every j-th nearest neighbor, the
area σi is also calculated by summing all the σijdij as required by equation 13 and dividing
the sum by factor 4. Discretized energy corresponding to the vertex i is calculated using
the equation 11, with the additional feature, where the local spontaneous curvature ci is
taken into account. Currently all the local curvatures are set to zero, meaning that the
membrane does not have any forced curvature.
Wb(i) =
1
2
σi(hi/σi − ci)2 (23)
Sum of the local principal curvatures hi = c1 + c2 and the information on energy Wb is
stored in the vertex i.
The procedure of calculating the bending energy of the membrane depends on the
physical model and can be changed if the user of the simulator write the corresponding
program code representing the new model. trisurf also allows for multiple models to be
programmed and it is possible to change the used model for different runs of the simulations.
This sort of extensions sometimes need change in vertex data structure when the energy
calculation models change to a great extent.
2.4 Monte Carlo sweep
Monte Carlo sweep (MC sweep or MCs) run in the main loop of the algorithm where the
microstates are generated and weighted. It is programmed in file timestep.c in func-
tion single timestep(ts vesicle *vesicle,ts double *vmsr, ts double *bfsr). A
single MCs consists of multiple operations:
1. an attempt to randomly move each vertex of a vesicle. It iterates through the *vlist
and makes an attempt on vertex move for every vertex that is listed in this list. It
follows linear order of vertices in vertex list locations in memory, therefore no control
on vertex order is possible (nor is needed).
2. an attempt to randomly flip a randomly chosen bond. The number of the attempts
is fixed in algorithm to be 3N , where N is number of vertices in the vesicle.
3. do other MC operations of optional additional structures
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i
Figure 18: Moving a vertex i from the position drawn with dashed lines to the new, ran-
domly chosen position within the step size.
4. calculates vertex move success rate (*vmsr) and bond flip success rate(*bfsr) defined
as:
vmsr = number of accepted vertex moves
N
(24)
bfsr = number of accepted bond flips
3N
(25)
where N is the number of vertices in the vesicle.
MCs is called within algorithm controller that counts number of MCs calls and compares
them with the number specified in configuration (tape). An attempt of moving a vertex
and an attempt of bond flip is an actual place where Monte Carlo method is used and
executed according to the Metropolis-Hastings algorithm.
2.5 Moving a vertex (Thermal fluctuations)
An attempt to move a chosen vertex i is handled in function single verticle timestep
(ts vesicle *vesicle, ts vertex *vtx, ts double *rn). The name of the function is
a fusion of words “vesicle” and “vertex” to denote, that the attempt is made on vertices of
the vesicle and not on vertices on some other model. The function can be found in the file
named vertexmove.c.
Before the vertex is moved and the change of the energy of the whole vesicle as a result
is calculated certain tests are performed to check whether a move is possible.
New vertex position is calculated within a sphere of radius s, where s is step size
parameter in the tape. The algorithm choose the new coordinates (x′, y′, z′) of vesicle with
previous coordinates (x, y, z) with the following equations:
x′ = x+ r sin(Θ) cos(Φ) (26)
y′ = y + r sin(Θ) sin(Φ) (27)
z′ = z + r cos(Θ), (28)
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where r is the randomly chosen radius so that the inequality r < s is true, cos(Θ) is a
randomly chosen value in interval [0, 1), sin(Θ) =

1− cos(Θ)2, and Φ is a random number
in interval [0, 2π). Random number generator used was GCC standard library’s drand48()
which is a pseudo-random number generator using the linear congruential algorithm and
48-bit integer arithmetic [59].
New vertex position is tested if it complies with two of the requirements that maintain
the self avoiding triangulated network:
• length of every bond l between a vertex and its every nearest neighbor (see figure
18) must comply to lmin < l < lmax to ensure self-avoidance of the network. If this
requirement is not met, the new position is abandoned and attempt to move the
vertex aborted.
The limiting lengths of the bonds are defined with geometrical rules, depending of
the step size s
lmax <

3(l2min − s2) (29)
When obeying the rule, any move within a radius defined by step size s would result
in one of the lengths with nearest neighbor to be too short if the membrane is flipped
inside out incidentally and the new position would be discarded.
In default settings the simulations uses step size s = 0.15lmin and therefore lmax <
1.7lmin which is within the limit defined by equation 29.
• vertex must not penetrate through distant (non-nearest neighboring vertices) and if
the vesicle crushes into itself (due to negative pressure, for example), vertices must
not pierce the membrane through. The distance between vertex and all the other
vertices should be performed to be sure the membrane piercing does not occur, which
is a lengthy procedure. Instead, the concept of subspaces (or cells) is used.
The whole space where all the vertices are placed is divided into smaller, cubically
shaped subspaces, called cells (term should not to be understood as biological cell).
Every vertex belongs to certain cell depending on its position in space, and is assigned
to the cell that covers that specific part of space. Assignment is initially done when
the vesicle is created and updated whenever the vesicle is moved in space and crosses
the border of two cells (figure 19). Each vertex data structure stores information on
the cell it belongs to and each cell data structure store the information on all vertices
within the volume of space that is in the cell territory. Cell dimensions are defined
by the cube side a = lmin + s.
Vertex must check only the distance with vertices that resided in the same cell and in
the neighboring cells. With all the other vesicles it cannot have any contact, because
they are too far away (more than lmin).
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Figure 19: Vertex moved from cell drawn with solid line to a cell on its left. For simplicity
only four nearest neighboring cells are drawn.
The cells therefore speed up the process of checking self avoidance with distant ver-
tices.
If the new position of vertex complies with the requirements, it is temporarily accepted,
to allow calculation of energy. Old state is recorded for possible reverting of the old state.
New bending energy is calculated for moved vertex and its nearest neighbors (the energy
of nearest neighbors change as well, because of the change in local curvature) and the energy
change due to the attempted move is calculated according to
∆E = E ′ − E, (30)
where E ′ is the energy of the new microstate (after the move) and E is the energy of the
previous microstate. ∆E depends only on the energy difference of moved vertex and its
nearest neighbors, since the position of the rest of the vesicles and their length of the bonds
remain unchanged. For this reason, only energies of the vertex being moved and its nearest
neighbors are included in the energy change calculations.
Monte Carlo method decides whether the move should be permanently accepted or
rejected by equation 5. The energy change, if positive, is used in inequality and if the
inequality
exp
−∆E
kT

> g (31)
is true, the new position of the vertex is accepted permanently. The new position uncon-
ditionally accepted if the energy change is negative. Floating point number g is a random
number in the interval [0, 1).
To accept the new position of the vertex permanently, the possible change in cell oc-
cupancy (figure 19) must be verified and the cell that holds the newly positioned vertex is
“refreshed” as well as the vertex data on the cell.
If the vertex is not accepted, previous state is reverted from stored values. No attempt
to move vertex again randomly is being made and the control is returned back to the calling
function.
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Figure 20: Flipping a bond. Triangles lm2 and lp1 change neighboring triangles and the four
vertices it, k, km and kp changes its list of the triangles they belong to.
2.6 Bond flip (Fluidity)
Lipids constituting the lipid bilayer are switching places with their neighbors very often,
resulting in so called fluidity of the membrane [5]. Fluidity of membrane modelled with
triangulated surface is achieved by destroying and recreating bonds between vertices [14].
The number of bonds is kept constant, thus the process looks like the bond flipped be-
tween two pairs of vertices (figure 20) and consequently the process is called bond flip. Its
implementation can be found in the file bondflip.c.
Entry function single bondflip timestep(ts vesicle *vesicle, ts bond *bond)
receives a pointer to the data structure describing the whole vesicle and a pointer to a
specific, randomly chosen bond that is to be flipped. In figure 20 the chosen bond is the
bond between the vertices denoted by it and k. The attempt will try to break this bond
and recreate it between the common nearest neighboring vertices km and kp. However,
before an attempt is made, the checks are done to ensure the self avoiding network will be
preserved by the move:
• A preliminary check is done, if both vertices connected by the bond it and k have
more than three neighbors. This is more or less a sanity check, since this condition is
met if the network is correctly initialized and not broken by latter code.
• If a membrane is wrapped too much (local curvature is large), vertices km and kp can
also be nearest neighbors connected by bond. If this is true, bond flip cannot continue
and the attempt is aborted immediately.
• The distance between vertices km and kp is calculated. This distance will be the
length of the new bond and must comply with the condition l < lmax where lmax is
defined by the equation 29. If the distance is more than lmax, an attempt is aborted
immediately.
If all tests pass without errors, the triangles that are in the flip lm, lp, lp1, lm2 are found
by accessing the common triangles of the four vertices’ **tristar list of pointers. These
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triangles will also change their neighbours, i.e. the triangles they share one side with. A
backup of the state before the flip (“old” state) is made in case the flip will not be accepted
and we can restore all the necessary data. At the same time, the local bending energy
before the flip E is recorded. Four vertices will change its bending energy due to bond flip
(it, k, km and kp), but their neighbors will not be affected.
A bond flip is made by calling a function ts flip bond(...) that receives a list of
vertices it, k, km and kp and triangles lm, lp, lp1, lm2. During the flip, the vertices neighbors
are corrected while the bond between it and k is severed and bond between km and kp
is created. Bond is never deleted, it just change its pointers to new pair of vertices. The
triangles lm and lp also need updates of the list of their three vertices. Triangle lp changes its
list of vertices from (it, k, kp) to (it, km, kp), while triangle lm changes its list from (it, km, k)
to the new values (kp, km, k). The list of triangle neighbors must also be corrected: triangle
lp looses a neighbor lp1 and gains a new neighbor lm2, while triangle lm does the opposite –
looses a neighbor lm2 and gains a new neighbor lp1. Vertices must also be aware of the new
triangles they belong to, so their **tristar list are modified – vertex it looses triangle lm,
k looses triangle lp, km gets triangle lp and kp gets triangle lm.
The network is consistently updated3 and new values can be calculated: Normals of the
triangles lm and lp are recalculated, as well as the new energy of the four vertices.
The new energy is used to calculate the total energy change ∆E = E ′−E, where the E ′
is the bending energy of the vesicle after the bond flip and E is the bending energy before
the bond flip. In the ∆E only local bending energy of vertices it, k, km and kp is included,
since the energy of all the other vertices in vesicle remain unchanged.
Monte Carlo method now decides whether the bond flip should be permanently accepted
or rejected. The energy change, if positive, passes through inequality already given by
equation 31. If the inequality is true, the bond flip is accepted permanently.
In the case the bond flip is rejected, the restoration of the previous state commence.
All the data changed by bond flip is reverted to its original state using the backup of the
old state, before any changes were made to the network.
2.7 Algorithm control by switches
Switches, sometimes called flags, are variables that have more states, controlling the flow of
the algorithm. Switches are useful to turn on certain features of the program when needed.
When the functionality is not required they bypass the execution of the specific part of
the code to reduce simulation time, therefore is is recommended to turn off all unnecessary
features by switches to save the simulation time.
3A test could be done to check the correctness of the flip algorithm. If the bond is flipped back, data
structure should revert to its initial values, that is before its first bond flip.
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In current version of the simulator the following three switches are available:
• pswitch – controls whether the pressure difference should be considered in MC step
• constvolswitch – controls whether the constant volume constraint is enabled
• constareaswitch – controls whether the constant area constraint is enabled
2.8 Constant volume constraint
As Milner and Safran stated in their work [6], the bending stiffness can be calculated from
the equations 1 if the vesicle keeps its volume constant. When measuring the thermal
fluctuations in the laboratory, the measurements are done in short time scale (order of
minutes) on which the membrane is impermeable to water, meaning that not many water
molecules cross the lipid bilayer and subsequently the volume stays fixed. Up until now,
we disregarded the requirement of constant volume in simulations and allowed vesicle to
fluctuate without verifying the volume change due to the MC step.
Constant volume control was added to the algorithm to comply with requirements stated
by Milner and Safran as a switch, which can be set in configuration file before running the
simulations. When the switch is turned on, the vertex move and bond flip algorithms do
additional check on how much the volume changes by an attempt and decides whether the
attempt should be made.
The volume of the vesicle is kept at given value V0 that is determined at the beginning
of the simulation, when the vesicle is created from tape or recreated from binary dump.
Each out-of-plane move of the vertex or flip of the bond results in a change in volume. A
small amount of volume variation is therefore required around predefined volume V0 not to
completely suppress the out-of-plane shape fluctuations [44].
The volume after the move V ′ is bounded by the constraint |V ′−V0| < εV , allowing the
volume to change for a small amount, that is limited by the expression for εV , which is the
volume of the tetrahedron formed by the unilateral triangles of the spherical approximation
of the vesicle.
Consider the vesicle with a volume V0, which we approximate with a sphere with a
radius of R0 that has the same volume as the initial nearly spherical vesicle Vs = V0. The
sphere is discretized with the equilateral triangles with areas, sum of which equals to the
area of the sphere As. Each of the unilateral triangles has the area At = As/Nt where Nt
is the number of triangles of the triangulated surface of the vesicle. From the expressions
for volume and area of the sphere
Vs = V0 =
4
3
πR30 (32)
As = 4πR
2
0, (33)
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V
Figure 21: A triangle carries information on the part of the vesicle volume that it fills as
a part of the pyramid with its tip in the vesicle centroid. V is a volume of the pyramid
formed by the triangle and the vesicle centre and represents only a fraction of the whole
vesicle volume V0.
sphere area and unilateral triangle area can be expressed solely with the vesicle volume
As = 4π

3V0
4π
2/3
(34)
At =
4π
Nt

3V0
4π
2/3
. (35)
Tetrahedron volume that has a unilateral triangle as its base, can be calculated by
equation εV =
a3
6
√
2
, where a is the side of the triangle and can be written as a =

4/
√
3At.
The volume is then
εV =

4At√
3
3/2
6
√
2
. (36)
Taken into the account equation 35, the volume of the tetrahedron can be rewritten as
εV =
4
√
2π
33/4
V0
N
3/2
t
. (37)
In function where the vertex is moved and the bond flip is done, the check is performed
if by an attempt the volume of vesicle would change more than εV from the initial volume
V0, before the Monte Carlo weighting occurs. The volume corresponding to the triangles
that are changed by the vertex move or bond flip is calculated after the operation and the
difference with the initial state is calculated. The volume of the vesicle that is assigned to
the triangle on the triangulated mesh is the volume of the pyramid, that has the triangle
as its base and tip at the vesicle centroid (figure 21). If the vesicle volume change is greater
than εV the action is aborted and previous state restored.
2.9 Constant area constraint
Similarly to constant volume constraint, constant area constraint is implemented as a switch
constareaswitch. If enabled, the check if area of the vesicle’s membrane changes more
than predefined amount and interrupts an attempt to move a vertex or flip a bond if the
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change of the area is larger than εA. To allow slight fluctuation of membrane area, εA is
defined as area of one equilateral triangle, which covers the sphere with the same area As
as is the total area of the vesicle’s membrane A0 that is calculated at the beginning of the
simulation. The maximum change of the vesicle membrane area is therefore
εA =
A0
Nt
, (38)
where Nt is the number of triangles.
All fluctuations are constrained to the maximal change of the total area from A0 to a
maximum value of εA
|A′ − A0| < εA, (39)
where A′ is the area of new state and A0 the initial area at simulation startup. This check
is performed before Monte Carlo weighting and if the inequality is not true, the previous
state is restored and an attempt to move a vertex or flip a bond is aborted.
2.10 Calculation of spherical harmonics coefficients and determi-
nation of bending stiffness
After the number of MC sweeps defined in configuration file (variable mcsweeps), the state
is recorded for statistics and coefficients for the spherical harmonics series expansion are
calculated.
For every vertex in some microstate, relative displacement ri from the ideally spherical
surface is calculated by expression
ri =
Ri −R0
R0
, (40)
where Ri is the location vector of the vertex and R0 is the radius of the sphere that has
the same volume as the vesicle. The relative displacements are decomposed into spherical
harmonics series according to the equation.
ri =
lmax
l=0
l
m=−l
uml Y
m
l (ϑi, φi), (41)
where the coordinates ϑi and φi are azimuthal and polar angles of the vertex i in the
spherical coordinate system, which are calculated from the vertex Cartesian coordinates.
Values for the angles are in range [0, π/2] for ϑi and [0, 2π) for φi. Y
m
l (ϑi, φi) are complex
spherical harmonics defined with equation 8.
The complex coefficients of spherical function expansion uml are calculated using the
expression
uml =
N
i=1
Ωiri (Y
m
l (ϑi, φi))
∗ , (42)
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where the sum runs over all the vertices in the vesicle. Ωi is the solid angle corresponding
to the vertex i. For every vertex the information about its solid angle Ωi must therefore be
determined [60].
It is assumed that 1/3 of the area of every triangle in the **tristar triangle pointer
list (totalling Nts triangles) belongs to a certain vertex. Projection of the area to a surface
that has a normal parallel to the position vector of the vesicle and the distance of the vertex
is needed to calculate the solid angle [60].
Ωi =
Nts
j Aj cos θj
3R2i
(43)
The angle θj is the angle between the triangle j normal and the radial vector.
GNU Scientific library is used to calculate the associated Legendre polynomials for use
in spherical harmonics series decomposition. Function gsl sf legendre sphPlm (int l,
int m, double x) returns normalized Legendre polynomials using the expression [61]:
Θgsl(l,m, x) =

2l + 1
4π

(l −m)!
(l +m)!
Pml (x), (44)
where the input parameter x in our case equals cos(θ). For parameter m it is enforced that
it must satisfy conditions m >= 0, l >= m, |x| <= 1.
The values of |uml |2 are stored and current value of the time average over samples of
states ⟨|uml |2⟩ is exported to disk for analysis with other software packages.
In the equation of Milner and Safran [6]|uml |2 = kTKc 1(l − 1)(l + 2)(σ¯ + l(l + 1)) ,
the time averages of the square of spectral modes ⟨|uml |2⟩ over a multitude of samples are
needed to calculate the bending stiffness Kc and mean lateral tension σ¯. The number of
samples required depends on various factors like the value of input bending stiffness κ in
tape, the number of vertices, the required precission of the calculated bending stiffness
Kc, etc. To obtain the bending stiffness and the dimensionless mean lateral tension of the
membrane together with their standard errors, the ⟨|uml |2⟩ from simulations are fitted with
the equations of Milner and Safran for different model l using an inverse squared variance
weighted nonlinear fit. We would like to note, that the time average ⟨|uml |2⟩ is uncorrelated
with the parameter m, and can be thus written as ⟨|ul|2⟩.
2.11 Configuration file – tape
Simulation configuration file is stored in a file called tape. In tape the configuration of the
vesicle’s size, its properties and simulation parameters are stored. Here a typical listing of
a configuration file with all the required parameters is shown.
36
2.11 Configuration file – tape
####### Vesicle definitions ###########
# nshell is a number of divisions of dipyramid
nshell=4
# dmax is the max. bond length (in units l_min)
dmax=1.7
# dmin_interspecies in the min. dist. between
# different vertex species (in units l_min)
dmin_interspecies=1.2
# bending rigidity of the membrane (in units kT)
xk0=10.0
# max step size (in units l_min)
stepsize=0.15
# Pressure calculations
# (pswitch=1: calc. p*dV energy contribution)
pswitch = 1
# pressue difference: p_inside - p_outside (in units kT/l_min^3):
pressure=0.01
# Constant volume constraint (0 disable constant volume,
# 1 enable wiht additional vertex move (OBSOLETE), 2 enable with epsvol)
constvolswitch=0
#(OBSOLETE) if constvolswitch is 1 then set desired volume precision
constvolprecision=1e-14
#Constant area constraint
# (0 disable constant area, 2 enable constant area with epsarea)
constareaswitch=0
####### Polymer (brush) definitions ###########
# npoly is a number of polymers attached to npoly distinct
#vertices on vesicle
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npoly=0
# nmono is a number of monomers in each polymer
nmono=10
# Spring constant between monomers of the polymer
k_spring=800
####### Filament (inside the vesicle) definitions ###########
# nfil is a number of filaments inside the vesicle
nfil=0
# nfono is a number of monomers in each filament
nfono=300
# Persistence lenght of the filaments (in units l_min)
xi=0
####### Nucleus (inside the vesicle) ###########
# Radius of an impenetrable hard sphere inside the vesicle
R_nucleus=0
####### Cell definitions ############
nxmax=60
nymax=60
nzmax=60
####### Program Control ############
#how many MC sweeps between subsequent records of states to
#disk Default: 200000
mcsweeps=10000
#how many initial mcsweeps*inititer MC sweeps before recording to disk?
inititer=0
#how many records do you want on the disk iteration are there in a run?
#Default value: 10000
iterations=100000
###### Spherical harmonics ###########
# If 0 then spherical harmonics are not calculated at all.
spherical_harmonics_coefficients=21
38
2.11 Configuration file – tape
###### General control ###########
#shut up if we are using cluster!!!
quiet=false
In the first part, the parameters for building the vesicle are located. Here we specify the
constants for initial distribution procedure, lmax and stepsize values used in simulation
requirements check to assure self avoiding network. User may disregard these two settings
and set arbitrary values, however this is not recommended. It is required to use same values
for lmax, stepsize and nshell as in dump file if the simulations are continuing from the
binary dump file from disk. If any of the values are changed, the simulations must be
restarted and initial state recreated in the simulations.
Bending rigidity (bending stiffness) is entered in units of kT .
Switches control the behavior of the simulator. pswitch turns on or off the pressure
difference between inter and outer volume of vesicle. The parameter pressure for pressure
difference is entered in units kT/l3min and can be negative.
Further on there are two tristate switches that control constant volume and constant
area constraints consvolswitch and constareaswitch respectively. Note that the values
should be 0 if no constraint is made or 2 if the constraint is in place. Value of 1 is obsolete
and can cause unpredictable behavior.
Cell definitions define the spread of the space where the simulations are made. nxmax,
nymax and nzmax are numbers of cubical cells in each of the three direction. If the number
is high, more RAM memory is allocated, if the number is too low, the vesicle can “fall” out
of controlled space and error is produced.
“Program control” block provide important information on how the MC sweeps are
going to be organized. Parameter mcsweeps sets the number of MC sweeps between two
consecutive recordings of the microstate, where iterations sets the number of microstates
to be recorded in statistics. Parameter inititer is useful for thermalization, when starting
simulation from the pentagonal bipyramid. The inititer number of microstates will be
discarded in the beginning of the simulations before recording of the states will begin,
allowing the nearly spherical vesicles to shape from the bipyramid.
Last important setting is the number of spherical harmonics to be calculated in given
simulation. If the number is set to 0, the spherical harmonics calculation is skipped alto-
gether.
If the simulator is run in automated environment, output messages can be suppressed
by setting parameter quiet to true.
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2.12 Binary memory dump
Because the vesicles can be created only as artificially shaped pentagonal bipyramid, some
time is needed to temper the vesicle into natural, nearly spherical shape before it can be
used in statistic observation. To speed up the process, the vesicles can be tempered and
saved as a binary memory dump of current (tempered) state. Next time, the simulations
are run, they can be started from the dumped state.
Dump plays important role, whenever there is a need to temporary (or permanently)
store a vesicle microstate to disk. In dump, there are all the vital information from which
the vesicle can be completely recreated into the same shape as they were before the dump.
It also serves as a backup in case of computer power shortage or any other reason the
simulations are aborted.
Dumping and restoration the vesicle are done in io.c source file. The whole data
structure is traversed and each data member is read and its values stored to disk, with the
exception of structure for cell, which can be recalculated at the restoration procedure. As
a downside, due to complex data structure and diverse properties of each of its members,
dump and restore can not automatically adapt to large data structure changes and must
be programmed for each new data member individually. There is also incompatibility
issues between dumps made with different versions of the program. If the data structure
has changed in new version, old dumps can not be used anymore. Therefore, it is not
recommended to change data structure if it is not absolutely necessary.
2.13 Vesicle visualization
ParaView is an open-source, multi-platform data analysis and visualization application, de-
veloped to analyze extremely large datasets using distributed memory computing resources.
It allows import of scientific data in XML format and provides useful tools for its visualiza-
tion [62]. trisurf can export data suitable for ParaView input and rendering of the three
dimensional structural data of the recorded state.
For each state that is recorded in statistics the vtu file is created. It is basically a
list with vertices, bonds and triangles with information how they are interconnected. This
information is enough for 3D recreation of the vesicle shape. Multiple vtu file can be loaded
for visualizing time-development of the shape.
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Traditionally, software has been written for serial computation, meaning that the problem
is divided into a series of instructions and the processor executes them one at the time
using one processor core. In contrast, parallel computing make use of multiple processor
resources to execute multiple instructions at the time. The computational problem should
be parallelizable – it must be breakable into discrete pieces of work, that can be solved
simultaneously. Parallel computing is widely used in research to facilitate lengthy simulation
to be done in reasonable amount of time [63].
3.1 Overview of parallelization types
Classification of parallel computing architectures is taking into account two parameters:
instruction stream and data stream [63]. The types of architectures are in four categories:
• SISD – single instruction, single data
• SIMD – single instruction, multiple data
• MISD – multiple instruction, single data
• MIMD – multiple instruction, multiple data
The first computers were of type SISD. They could process only a single instruction
and single data on given clock cycle. SISD architecture is not parallel, but allows only
serial execution of programs with deterministic execution time (if no preemption or other
optimizations are considered).
Architecture SIMD allows parallelization of programs where all processors are executing
the same instruction (operation) on different data elements at the same time. It is best
suited for problems with high degree of regularity, such as image processing. It still pro-
vides deterministic execution time as in case of SISD. Graphical processor units (GPU) are
modern examples of SIMD architecture.
In contrast to SIMD, in MISD more processes act on the same data with different
operations. In reality, not many computers of MISD architecture exists, because not many
problems would profit from this type of parallelization.
Last type is MIMD architecture, where every processor execute different instructions
on different set of data. The execution can be synchronous or asynchronous and the time
needed to finish work is not deterministic and usually differs among the processors. This
architecture is currently the most common type of parallel computing, since it is very
versatile in adaptation to different types of problems.
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Figure 22: Shared memory. Left: UMA. Right: NUMA.
Parallel systems can be further categorized according on how the memory is accessed
[63]. In general three categories exist:
• shared memory
• distributed memory
• hybrid distributed-shared memory
Shared memory is implemented in many different ways, but in all the cases it provides
all processors (independent on how the processing is done) with the same memory space.
The processor can operate the memory independently or share data with others. Two
implementations of the shared memory configuration systems exists, as they are shown
in figure 22. Shared memory architecture called uniform memory access (UMA) as for
example in Symmetric Multiprocessor (SMP), where multiple identical processors access
same memory and the access times for all the processors is the same, is common in today’s
computers, multicore desktop computers being an example. When multiple SMPs with its
own memory blocks are linked together with fast bus interconnect lines, not all processors
can access the whole memory equally fast, but they can all actually see the whole memory
(non-uniform memory access – NUMA) [63].
Distributed memory architecture provides better scalability that shared memory model,
since it allows to connect multiple computing nodes (machines) to be interlinked with
network (figure 23). Here each node has its own memory and it can not directly access the
memory of others, because the communication on the network is much slower and would
result in slowing down the processing of data. However, data are passed from one computing
node to another in some intervals and it is purely programmers choice on when and what
data are to be copied from node to node [63].
The hybrid model includes both, shared memory space processors interconnected by
network, resulting in distributed architecture. It is the most popular way to create large
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clusters, the downfall being that the time complexity of the algorithms handling the pro-
cessing rises.
Parallel programming models exist on top of the hardware and memory architecture
providing an abstraction not specific to a particular type of machine – Shared memory model
can be used on distributed memory architecture and the opposite, distributed memory
model can be used on shared memory machine. There is no single best solution for every
problem and it is programmers job to decide which programming model to use. There are
a few common models [63]:
• shared memory (no threads)
• threads model
• distributed memory
• data parallel model
• hybrid model
Shared memory model allows all processor tasks to share common address space. Some
sort of control over which task “owns” a part of the data at some time is needed and is
usually specified in terms of locks or semaphores. This model is commonly used in native
operating systems.
When writing a program that runs on a operating system, threads model is usually
chosen upon shared memory model. Task is split up in multiple threads, which can run
in parallel. Again all the threads can communicate through some global memory space
that they share, but every thread has its own local memory which is used in processing
the thread’s work. A thread’s work can be simply described as a subroutine of the main
program. The synchronization between the threads is needed, since they normally depend
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on each other, so special care must be taken in programming that there is not too much
thread dependence, where one thread is waiting the others. Libraries providing the threads
model are for example POSIX threads library (pthreads) that require parallel programming
and OpenMP that can use serial code and parallelize it [63].
Distributed memory model, sometimes called message passing model is very widely
used in distributed systems, where the data is exchanged between the tasks run on remote
machines connected with some kind of network. OpenMPI library is an example imple-
mentation of message passing library that provides the necessary programming interface
[63].
Data parallel model or partitioned global address space (PGAS) model order data into
domains or partitions, where each of the tasks “grabs” hold of a part of the global memory
space and does its work only on data of that portion of memory.
Hybrid model combines two or more methods mentioned above.
Speedup S is the measure of how much faster the algorithm will be executed if the
number of the processing units capable of parallel processing will be increased. The speedup
can be calculated from the measured execution times t1 of the algorithm with given number
of processing units and measured execution time t2 of increased number of processing units.
S =
t1
t2
(45)
The parallelization “efficiency” of the parallelized code is provided with theoretical
maximum speedup, defining the factor of how much faster could the algorithm theoretically
run with the increasing number of the processors. The theoretical maximum speedup can
be expressed by applying Amdahl’s law [63]
S =
1
1− P , (46)
where P is the fraction of code that can be parallelized. If the number of processors Nproc
is given, the theoretical max. speedup is defined with equation
S =
1
P
Nproc
+ (1− P ) . (47)
The programs that that don’t have any part of the code that can be parallelized the
value P = 0 and the max. speedup is 1 – meaning that no additional processors would
make the program to complete its computation faster. If all the code is parallelizable, the
parameter P = 1 and the max. speedup would be theoretically infinite. This result means
that the time for the program to finish the computation is inversely proportional with
the number of processors used in computation. Normally, the programs are somewhere in
between these two extremes, with some exceptions [63].
44
3.2 GPU based processing
3.2 GPU based processing
Recently graphical processor unit (GPU) computing became popular. While harvesting
of the computing capabilities of GPU is becoming more and more popular, the producers
are developing their own development tools for programmers developing parallel algorithms
[64].
Two major toolkits exists. OpenCL is an open standard for parallel computing, which
provides portable, heterogeneous development platform, harvesting diverse compute re-
sources of the modern hardware. The code can be executed on CPUs, GPUs, digital signal
processors (DSPs) and fast programmable gate arrays (FPGAs) [65]. The other, widely
available is Cuda, which is trademarked by NVIDIA and it works only with NVIDIA GPUs
[55, 64].
For intensive computing applications NVIDIA produces dedicated computing-only graph-
ical cards with powerful GPUs, however, the principle of parallel execution on GPUs can
be experimented with much cheaper general purpose graphic cards produced by NVIDIA,
which are found in modern personal computers [64].
GPUs are without exception SIMD architecture processors, while it is important to
implement distributed memory model. Since the GPU has its own memory on board of
graphical card, data that are to be manipulated must be copied to GPU memory and after
the computing is performed, the data are copied back to main processor memory for further
processing or analysis [64].
GPU programming has several limitations when it comes to parallel computing. Firstly,
programmer must be aware the architecture is SIMD, where multiple data are processes
by single instruction. Branching within the algorithm is not desirable, but it is allowed,
resulting in significant performance loss [55]. In NVIDIA Cuda, the threads are organized
in so called “warps”. There are exactly 32 threads within a warp [55] that share local
memory block. All warps can access general shared memory, but this accesses should be
kept at minimum, since there is a penalty in time loss for each global memory access. All
threads can be organized in various arrays. “Kernel” is a piece of algorithm that is going to
be executed by each thread in each warp. Data can be partitioned to warps, so each warp
can use a part of the global memory that is needed for local computation [55].
Some of the limits that are important for parallelization of trisurf are shown in table 1.
The hardware that has Cuda 1.3 compute capability can perform double precision floating
point operations, while older graphic hardware fall back to single precision floating point
calculations [55].
Attempts to parallelize Markov Chain Monte Carlo algorithm in GPU were successfully
demonstrated in [66, 67, 68, 69]. Monte Carlo steps in trisurf , in contrast to presented
algorithms, are branching its program execution on multiple points – from initial checks to
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Table 1: Table showing some of the limits of Cuda kernels [55]
limited resource description value
max. local memory/thread 512 kB
max. shared memory/thread block 48 kB
max. number of instructions/kernel 512 million
max. kernel execution time 5 s on MS Windows, unlimited on Linux
the final energy change weighting, so the whole move of the vertex or flip of the bond would
not be processed in the GPU efficiently. There would be some increase of computing power
if one of the warps would process one of the vertex or bond in a single thread per warp,
but all the other threads would be wasted. Besides, care would need to be taken for warps
not to interfere with each other by accessing same vertices’ data at the same time. This
could be prevented by locking mechanism, producing computing overhead and increasing
idle time of some of the warps. Adding volume constraint and are constraint furthermore
hinders parallelization, since one move of the vertex globally affect all subsequent vertex
moves and flips of the bond and the other parallel executions would need to wait for Monte
Carlo step to complete before they could proceed, resulting almost serial code.
The algorithm shows some potential for parallelization in GPU [70] with lots of changes
in program code. The solution for parallelization in GPU would be for each thread to work
on one separate vesicle, generating individual microstates, that are later combined together
in statistics, but in this respect the memory limits of Cuda kernels apply, where it is not
possible to store one vesicle in every thread. The idea of simulating more vesicles in parallel
presents simpler idea for method for successful parallelization and it is worth considering.
3.3 Embarrassingly parallel problem and distributed computing
In trisurf microstates are sampled and included into statistics to determine the bending
stiffness of the membrane. To parallelize the acquisition of microstates we have the following
two options: the microstates can be generated faster by assigning more processors to move
the vertices and flipping the bonds in the same vesicle or by simultaneously work with
multiple vesicles and assigning one processor to each of them.
In the first case, the processors must share information on the accepted Monte Carlo
attempt, which means additional message passing and processing overhead. Additionally
due to accessing same memory it can happen that one of the processors is locked out and
have to wait the other to release the resources and continue its computation. This undesired
side effect also causes the time delay. Due to problems described, the time is not decreased
inversely proportional with the number of processors. The problem also does not scale
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well towards the infinity, since the inter-process communication and the lockouts can have
negative impact on processing speed.
Second case implies multiple runs of the same program with differently initialized ran-
dom number generators. They can run independently on each other, requiring no data
to move among them and resulting no lockups [71]. This produces no computing over-
head. Besides, there is no need of adaptation of the serial program to be parallelized or the
adaptation of the program is trivial [71]. Such problems are called embarrassingly parallel
problems (due to negative connotation of the word embarrassing it is also called perfectly
parallel or pleasingly parallel).
The trisurf algorithm can be parallelized the most efficiently by employing embar-
rassingly parallelization. This also provides with theoretically infinite scalability following
the Amdahl’s law, since all the code is parallelizable (P = 1).
The algorithm can run on multiple computers on the network and data can be collected
when microstate is generated or when complete simulation finishes. The computers can even
be located on different network segments, can temporary be disconnected from network
or share data through internet. Many different approaches can be used, from clusters,
grid computing, cloud computing or even voluntary computing as a special case of grid
computing [72, 73].
Grid computing as a distributed way of computing has become very popular recently
[73, 74, 75]. Internet is widely spread and it allows instant communications between com-
puters. Organizations across the globe that share common goal can combine their comput-
ing power and distribute load to many computers in different places, requiring only small
amount of synchronization and other data communication [76]. A special case of grid com-
puting is volunteer computing (sometimes also called peer-to-peer computing [77]), where
the computing power is harvested from computers, provided to the grid by volunteers. Vol-
unteers are machines that allow grids to harvest idle time of their CPUs to perform com-
putation on behalf of the grid. Well known examples of volunteer computing is Seti@home
and Folding@home and platform BOINC, allowing to volunteer in many different scientific
research projects [77, 78, 79, 75].
By employing embarrassingly parallelizable property of the problem, all possible com-
puting resources can be harvested in relatively easy manner, not requiring any change in the
program code, provided, that some wrapper script or program manage deployment of sim-
ulation and reception and collection of the statistics back from the distributed simulations,
scattered on the network and internet.
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3.4 trisurf simulation deployment in distributed computing
Let us assume that trisurf runs on Linux machines, possibly with multicore processors
connected to the network. The communications between machines are rare and include
mostly starting the simulation, aborting it and copying files among machines. All of the
machines must have trisurf executable installed.
The simulations are deployed through mean of a script using ssh protocol and certificate
identification, avoiding the need for configuring passwords in configuration file, which could
lead to security risk or impracticality of entering passwords each time communication is to
be done. The configuration of the machines are done is special configuration file, allowing
simple reconfiguration of the grid.
The example of connecting two machines into a grid and starting number of simulations
with different settings is listed below.
<regatta localhost>
hostname=localhost
username=samo
path=/tmp/test1a/test2
tape_template=tape1
dump_template=dump.bin
template_path=./
<surfer kc20ncvol>
hostname=test
tape_template=tape2
dump_filename="dump.bin"
tape_filename="tape"
tape_options="xk0=20,constvolswitch=0"
</surfer>
<surfer kc10cvol>
hostname=test
tape_options="xk0=20,constvolswitch=2"
</surfer>
</regatta>
<regatta otherhost>
hostname=otherhost.somewhere.net
username=someone
directory=/simulations/trisurf/someone
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tape_template=tape1
<surfer kc20pegs100>
hostname=test
dump_filename="dump.bin"
tape_filename="tape"
tape_options="nmono=100"
</surfer>
</regatta>
Regatta is a group of program executions on same machine. Since the machine usually
has more processor cores, each processor core can perform a simulation. The first regatta
localhost, configured to run on local machine is running two simulations. Simulation runs
are named surfer and there are two runs that are initialized in file tape1, where some of
the settings for trisurf are overridden by tape options. Second regatta is running on
remote computer with specified host name and it includes only single run of the simulation
(there is only one definition of surfer.
A PERL script reads the XML configuration file and act accordingly. For each run in
regatta a subdirectory is made and tape and possible memory dump file is copied to it using
ssh, no matter if the run is local or remote (thanks to ssh flexibility to do local file copies).
The simulations are then spawned as separate processes and pushed to background, so the
computer terminal is not blocked by simulations. This is repeated for all regattas.
While the simulations are running, separate script checks whether the simulations are
completed and how far they are from the completion. The results of completed simula-
tions or the intermediate results can be copied back to the central machine, where data is
processed.
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4 Results
4.1 Monte Carlo simulations and verification of equations of Mil-
ner and Safran
For each set of parameters the system is initially thermalized into a nearly spherical vesicle
and then the volume is fixed. In figure 24 the initial state of the vesicle is shown. The color
of the beads, representing the vertices is color scaled value of the vertex index number and
it is useful to track specific vertex in the triangular network. From the configuration file,
the organized self avoiding network is build, where vertices reside on surface of pentagonal
bipyramid. The number of vertices is defined by parameter nshell=17, resulting in 1447
vertices. The input bending stiffness in tape is κ = 20 kT . Symbol κ will be used in this
chapter for input parameter of bending stiffness and Kc for bending stiffness, which is a
result of simulations, to distinguish between the both values.
Figure 24: Initial state of the vesicle prior to thermalization.
In thermal equilibrium the energetically favourable state is sphere, which is deformed
due to fluctuations. After the thermalization, the vesicle is therefore nearly spherically
shaped as shown in figure 25. Note the distribution of the vertices in comparison with the
initial state in figure 24. The vertices have diffused in the network and were successfully
mixed. This is a result of the successful flips of the bonds and represents the fluidity of the
membrane.
Example of the vesicle in figure 25 is also a single microstate which is decomposed into
spherical harmonics series.
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Figure 25: Thermalized vesicle
As a measure that the vesicle is in thermal equilibrium asphericity of the vertex is
calculated. The equation for asphericity is adapted from [80], where the asphericity calcu-
lated over the ensemble average is applied to the single shape, since we are interested in
asphericity of the current shape and not the asphericity of the thermal equilibrium shape:
b =
(λ1 − λ3)2 + (λ2 − λ3)2 + (λ1 − λ2)2
2(λ1 + λ2 + λ3)2
, (48)
where λ1, λ2 and λ3 are principal moments of the gyration tensor of the vesicle. If the
vesicle is spherical, the principal moments are equal and b = 0. The maximal asphericity
is b = 1 for two-dimensional object. In figure 26 the graph shows the development of the
nearly spherical vesicle by observing the asphericity is approaching 0. The thermalization
is done in approximately 30 · 104 MCs, whereas further variation of the apshericity b are
caused by the thermal fluctuations of the vesicle, enforcing non-spherical shape.
To obtain the ensemble of microstates that are statistically independent, the autocorre-
lations of squared amplitudes f(|uml |2, τ) are calculated with the autocorrelation function
f(|uml |2, τ) =
T−τ
t=1
(|uml (t)|2 − ⟨|uml |2⟩)(|uml (t+ τ)|2 − ⟨|uml |2⟩)
T−τ
t=1
(|uml (t)|2 − ⟨|uml |2⟩)2
, (49)
where the sums run over the discrete “time” t denoting consecutive microstates, where T
is the number of microstates used in the calculation of the mean ⟨|uml |2⟩. Let us define the
decay time of |uml |2 as the value of τ when the autocorrelation function f(|uml |2, τ) falls
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Figure 26: Development of the vesicle by observing the asphericity in relation with Monte
Carlo sweeps (MCs).
bellow 1/e.
Figure 27 shows the autocorrelation functions of the few lowest relevant modes for a
system with N = 1127 vertices and input bending stiffness κ = 20 kT . It can be seen that
the longest decay times are for |um2 |2 and that the decay time decreases with the increasing
degree of the spherical harmonics l. The largest decay time of all the relevant modes for a
given system with N vertices as τN (in Fig. 27 we have τ1127 ≈ 60000).
The decay time τN is used to estimate the number of Monte Carlo sweeps (or “time” in-
terval) between two sampled microstates that can be regarded as statistically uncorrelated.
The ensemble of statistically uncorrelated states is needed for the estimation of the stan-
dard errors together with the means of squared amplitudes of spherical harmonics. Those
standard errors of ⟨|uml |2⟩ have to be taken into account in the fitting procedure in equations
of Milner and Safran (system of equations 1 for different l), to obtain relevant values of the
bending stiffness Kc and the dimensionless mean lateral tension σ¯ of the membrane. The
interval between two consecutive microstates in an ensemble of statistically uncorrelated
states – between two consecutive samples of microstates, was always larger than three times
the largest decay “time” τN . In figure 27, for example, the x-axis spans the “time” interval
between consecutive samples of microstates for a system with N = 1127 and κ = 20 kT .
To assure validity of formula of Milner and Safran and make the calculations of the
standard error of the results, the volume must be kept constant throughout the simula-
tion. Taking a thermalized vesicle as the starting state for the simulations we enable the
constvolswitch=2 to keep the volume fluctuation at its minimum. Graph in figure 28
shows the effect of constant volume constrant on the volume fluctuations. The solid black
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Figure 27: Autocorrelation functions f(|uml |2, τ) of the lowest relevant degrees of spherical
harmonics l = 2 and l = 3, for N = 1127 and κ = 20 kT . The dashed gray horizontal
line indicates the value 1/e. The decay time of a given mode is defined as time when the
autocorrelation function falls below this value [60].
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Figure 28: Volume fluctuations with and without volume constraint.
line represents the volume fluctuations without the volume constraint, whereas the dashed
grey line is the volume while the volume constraint is enabled. The fluctuations are much
smaller when the constraint is enabled, thus the resulting volume is seen as a straight line
(constant volume) on chosen vertical scale.
When squared amplitudes |uml |2 are averaged over the ensemble of microstates, the
obtained ⟨|uml |2⟩ with the same order m converge towards the same value, as shown in
figure 29 for |um2 |2. This is in accordance with the prediction of the theory of Milner and
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Figure 29: Mean squared amplitudes ⟨|u02|2⟩ (full), ⟨|u12|2⟩ (dashed) and ⟨|u22|2⟩ (dotted) as
a function of the number of statistically independent microstates used in the averaging.
The input bending stiffness κ = 20 kT and the membrane is triangulated with N = 1127
vertices [60].
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.001
0.002
m
⟨|u
m 2
|2 ⟩
l = 2
l = 3
l = 4
Figure 30: Mean squared amplitudes ⟨|uml |2⟩ for l = 2, 3 and 4, obtained from 1000
microstates for a vesicle with input bending stiffness κ = 20 kT and triangulated with
N = 1127 vertices. The error bars indicate the standard error (standard deviation divided
by the square-root of the number of microstates used). Lines connect the points with the
same degree l and are for the guide-of-eye only [60].
Safran (right-hand-side of the equations 1 are independent of m). Furthermore, in figure 30
it is shown that the average mean square amplitudes are really independent of m – the
lines, connecting the points with the same degree for eye-guidance straight for all plotted
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Figure 31: Output bending stiffness Kc together with standard error (error bars) as a
function of the maximal degree l of spherical harmonics used in the calculation of Kc and
σ¯ [60].
The output bending stiffness Kc and the dimensionless mean lateral tension σ¯ are ob-
tained from the mean squared amplitudes as described in section 2.10. The result of a
fitting procedure for Kc is shown in figure 31 as a function of the maximal degree l of
spherical harmonics used in the fitting of ⟨|ul|2⟩ in equations 1 (equations for all values
from l = 2 up to the maximal degree l are taken into account). The value of the input
bending stiffness used κ = 20 kT is indicated with a horizontal dashed line. The mem-
brane is triangulated with more precise network of N = 3127 vertices and 200 statistically
independent microstates are used in the average (between each sampled microstate is an
interval of 2× 106 MCs). Lines connecting the points are for the guide-of-eye only.
Discrepancy between input bending stiffness κ and output bending stiffness Kc is sus-
pected to be because of the discretization of the vesicle shape. To confirm the claim, the
output bending stiffness Kc is shown in figure 32 as a function of the number of vertices
N of the triangulated surface. As expected, the difference between the output bending
stiffness Kc and the input bending stiffness κ = 20 kT decreases as we increase the number
of vertices in the triangulation (i.e. as we increase the resolution of the discretization). Let
us note that the output Kc should not depend on the value of σ¯. The mean lateral tension
in the membrane depends on the value of the fixed volume of the vesicle, i.e. how much the
vesicle is “swollen”. This is somewhat arbitrarily chosen by picking a random microstate
in the thermodynamical equilibrium when fixing the volume and starting the simulations
for Kc and σ¯. The exact choice of the equilibrium microstate used when fixing the volume,
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Figure 32: Output bending stiffness Kc together with standard error (error bars) as a
function of the number of vertices N used in the triangulation of the membrane, for the
input bending stiffness κ = 20 kT . The dimensionless mean lateral tension σ¯ for the same
sets of microstate samples is also shown. Lines connecting the points are for the guide-of-eye
only [60].
i.e. the value of σ¯, does not observably influence the output Kc.
Figure 33 shows the relative difference between the output and the input bending stiff-
ness, Kc
κ
− 1, for different values of the input bending stiffness κ. It can be seen that
increasing the input bending stiffness decreases the mismatch between the input and the
output bending stiffness. Note that the correlation times of squared amplitudes decrease
with the increasing bending stiffness of the membrane.
4.2 Parallelization of the simulations
Two types of parallelization of the algorithm was compared on a single computer with
Intel Core i5-3470 Quad-Core CPU clocked at 3.2 GHz that can run 4 processor threads.
The first type was using POSIX threads that allow multiple parallel tasks to work on the
same shared (global) memory. A single vesicle with N = 1447 vertices was processed by
different number of threads (cases with 1, 2, 4, 8 and 16 threads were considered). The
simulations always started with initial distribution in empty directory with only tape and
trisurf executable program in it. The time to execute the simulations was measured
using the Linux time command. There was no attempt made to estimate the error of
the measurements, but minor differences in the measured time using the same parameters
between different runs was observed and was probably due to the non-constant operating
system load.
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Figure 33: Relative difference between the output and the input bending stiffness as a
function of the input bending stiffness for the membrane triangulated with N = 1447
vertices [60].
In the first case of threaded program analysis the microstates were sampled with only
100 MCs between them. The system did 10 of the repetitions before starting the recording
of the 100 MCs to the disk. The tape definitions for the program control were as following:
msweeps=100
inititer=10
iterations=100
The initial distribution was done serially (only one thread). Threading was done each
time the vertex move started, where vertices were divided into Nthreads partitions – the
vertices of which the remainder of their index number divided by Nthreads was equal to
thread id was assigned to the specific thread. After the vertex move has been completed for
single MCs, the threads joined, synchronization was done assuring all the threads completed
their jobs and then the threads were recreated performing the bond-flips. Each thread
worked on 3N/Nthreads number of randomly chosen bond flips attempts before they were
joined again and the MCs was completed.
The results in table 2 shows execution time for the parallelization with POSIX threads
and for easier visualization the same set of data is presented in figure 34. In the table VM
is short form for vertex move. Three cases were considered. In the columns 2 and 3, only
moving of the vertices was done, ignoring bond flips. The threads could access the global
memory of the whole vesicle simultaneously. The results of the vertex move could be wrong
if for example one thread changed some value of the energy of the vertex, while the other
was reading it and doing computations with that data. No guaranties of the correctness
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Table 2: Execution time of simulations with multiple POSIX threads.
No. of threads VM, no lock VM, locking Complete MCs, locking
1 33.25 s 35.67 s 47.31 s
2 18.70 s 19.79 s 43.01 s
4 16.45 s 16.45 s 48.43 s
8 21.81 s 24.81 s 49.47 s
16 27.36 s 32.99 s 50.28 s
1 thread 2 threads 4 threads 8 threads 16 threads
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Figure 34: Graphs of the execution time of the three algorithm variants shown in table 2.
of the result are given and the execution times are listed just for comparison with other
values. Locking of data – meaning that other threads have to wait if the data is being
manipulated – is shown in the third column. The execution times for complete MCs (as
required by simulations) is listed in column 4.
From the table 2 and from the bar graph in figure 34 it can be seen, that the whole
MCs was not efficiently parallelized. The max. speedup measured was less than 10% when
two threads were executed in comparison with single thread (execution times 47.31 s for
1 thread, 43.01 s for 2 threads). Running four or more threads actually prolonged the
execution time in comparison with single threaded execution. This is probably due to poor
implementation of the parallel algorithm and how the threads are handled within the MCs.
To locate the problem of the algorithm, only vertex move was done, resulting in much
better parallelization. For version with data locking, the max. speedup achieved for given
parameters was 2.17 by running the 4 threads and it is then gradually decreasing with more
additional threads. Similar behavior was seen when the locking was removed. There was
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Table 3: Execution time of simulations with multiple POSIX threads with mcsweeps=10000
and 64 dumped states.
No. of threads VM with lock time Complete MCS time
1 1770 s 2220 s
2 981 s 2344 s
4 665 s 2734 s
8 1335 s 3170 s
16 2002 s 3124 s
no substantial overhead due to the locking mechanism, probably due to efficient dispersion
of the vertices that were a part of a current vertex move attempt.
The threads model was run for the second time on same vertex configuration, but
with more samples between the subsequent microstates. The chosen values allowed longer
simulations run, therefore minimizing the effect of the simulation startup on the final result.
The new values were:
msweeps=100000
inititer=0
iterations=64
The results for recording 64 states 10000 MCs apart with no initial thermalization are
listed in table 3. There was no speedup of the algorithm when more threads were running
– the simulations were actually prolonged. During the simulations we noticed that the
processor was not fully utilized, meaning some thread were in a wait state frequently. The
max. speedup of 2.66 was observed when using the vertex move part of the algorithm
only. The vertex moves without lock was removed from the considerations, because we
have observed no notable difference between using the data locking and without it in the
previous case. The parallelization attempt as it was implemented did not give satisfactory
results.
While the serial algorithm evolved the need for constant volume etc. was added and this
proved to be even more problematical for the thread parallelization where all the threads
work on the same vesicle. For example, when one vertex move attempt is made, all the
rest of the threads must wait to get feedback if the move will be accepted or not and the
volume of the vesicle will change (vesicle volume is the global change). A lot of thread
synchronization would be required, resulting the slow-down of the simulations.
Another approach was used. The problem of generating the statistical independent mi-
crostates proved to be embarrassingly (or pleasingly) parallelizable, meaning that multiple
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Table 4: Execution time of embarrassingly parallelizable algorithm with mcsweeps=10000
and 64 dumped states
No. of processes iterations/process Complete MCS
1 64 1845 s
2 32 937 s
4 16 554 s
8 8 289 s
16 4 150 s
threads could work on multiple vesicles at the same time not requiring any communication
or synchronization between them. The only requirement being the random number gener-
ators are initialized with different seeds. The main thread would then just collect data of
all the threads into the statistics.
While POSIX threads are useful if the simulations runs on single physical computer, it
is not possible to extend the simulation run among the multiple separated computers. Even
more trivial solution was used instead. The simulator was installed on multiple machines
and the work was distributed from the central machine through the PERL script. Multiple
instances of the program was run on every machine to get the most speedup. The hybrid
model could be used (threads with multiple runs on different machines), however separate
runs were the most flexible in work distribution so that each machine could simulate multiple
different configuration of vesicles.
For the measure of the speedup of the parallelization a single computer was used and
all the executions (processes in Linux) were done. The execution time recorded was the
time from the start of the simulation to the end of the execution of the last process. The
computer was the same as in the first case and the parameters for the simulations were:
msweeps=100000
inititer=0
iterations=64/N_process
In total 64 states were collected each time, but the number of iterations/process was
different each time and was determined by the equation 64/Nprocess. The results are shown
in table 4 and presented in the graph in figure 35. The absolute times of the runs were
shorter even if we compare a single process run with single threaded run in the above case.
This was due to the optimization of the algorithm in the development of the serial code.
As it can be seen from the graph in figure 35, the speedup was as predicted by the theory
for the max. speedup (demonstrated by the dashed curve on the graph).
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Figure 35: Graphs of the execution time depending on the number of parallel processes of
embarrassingly parallelizable algorithm (data from table 4).
The comparison of both parallelization types, the figures from the tables 3 and 4 was
made in figure 36.
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Figure 36: Comparison of results of embarrassingly parallelizable algorithm and the POSIX
thread model (parallel means processes or threads).
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4.3 Monte Carlo simulations of the reduced volume vesicles
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Figure 37: Monte Carlo evolution of the vesicle with pressure difference ∆p =
−0.071kT/l3min. Starting from initial nearly spherical vesicle, through the metastable oblate
discocyte to stable stomatocyte. The reduced volume vs. MCs is shown on the graph with
typical shapes for each of the three states [81].
In this section the results of the example of the simulator adaptation is demonstrated.
While the basic simulator can provide the nearly spherical vesicle shapes, some additional
programming and model modification need to be done to simulate the reduced volume
vesicles. For the purpose, the pressure difference was introduced in the energy calculation
of the program.
The energy of given microstate was calculated as
Ec = E −∆pV, (50)
where Ec is the modified (combined energy) of the vesicle, E is bending energy given by
equation 11, ∆p is pressure difference between inside and outside of the vesicle and V the
vesicle volume. The results of the modified Monte Carlo simulations were published in
[81]. The evolution of the stomatocyte can be seen in figure 37. The development of the
stomatocyte state from the initially nearly spherical vesicle by applying a negative pressure
∆p = −0.071 kT/l3min is presented over “time”, defined by the MCs. The vesicle remains in
the metastable oblate discocyte state for a large number of MCs, before it flips inside out
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and changes to the stable stomatocyte. The graph shows the change in reduced volume
throughout the MCs with the related shapes.
The different shapes that were acquired by the simulations by applying different pressure
differences are shown in figure 38. The pressure differences were: for a ∆p = −0.01kT/l3min,
for b ∆p = −0.05 kT/l3min, for c ∆p = −0.073 kT/l3min and for d ∆p = −0.1 kT/l3min [81].
(a) (b) (c) (d)
Figure 38: Monte Carlo equilibrium states for different pressure differences. The pressure
differences are: (a) ∆p = −0.01kT/l3min; (b) ∆p = −0.05kT/l3min; (c) ∆p = −0.073kT/l3min
and (d) ∆p = −0.1 kT/l3min [81].
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5 Results of Nikon Eclipse TE2000-S light source mod-
ification
According to the distributor of Nikon microscopes, there is no light source splitter available
for Nikon Eclipse TE2000-S phase-contrast microscope on the market. The adaptation of
the microscope to accept two light sources was done by means of additional aluminum wall
chamber with retractable mirror to enable the additional light source port. The blueprint
for making the light splitter chamber is shown on figure 39. With the retractable mirror
(not visible on blueprint) the experimenter can choose between the “constant intensity”
halogen lamp light source or pulsing, stroboscopic flash light for sharper image registration
for measurement of bending stiffness. The mirror is fixed on a hinge that can rotate about
its axis and is controlled by a handle on top of the splitter fixture. The existing halogen
lamp is fixed on the back of the chamber and the stroboscope light source is attached at
the side with rubber spacers to reduce mechanical movement (shaking) of the microscope
due to the flash tube discharge.
High intensity flash illumination, combined with CCD camera is cheap replacement
for high sensitivity, hi-speed camera, to register sharp images of vesicles. Most of the
integration time of the camera the sample with the vesicle is in darkness, only a short burst
of strong light is made during that time by the flash lamp. This produces sharp images of
the vesicle in each frame and results in decreased error of determination of bending stiffness
[39].
The stroboscopic light system is produced by Hamamatsu and consists of the following
items:
• Xenon Flash Lamp power supply C6096 – input 24 V/3 A, output 0.3 – 14 kV DC,
max. 60 W
• External Main Discharge Capacitor Box E7289 – 2 µF/1000 V
• Cooling Jacket E6611
• Xenon Flash Lamp L7684
Additionally, generic switching power supply 220 V/24 V, 3 A was used to power the
unit C6096.
The Hamamatsu L7684 is a Xenon flash lamp for industrial applications. It generates
output power of 60 W in spectral range 240 nm to 2000 nm. It has a built-in reflective
mirror, which focus all light made by arc of size 3 mm towards the borosilicate glass
opening in the aluminum case [82]. It can be triggered with voltages from 5 – 10 kV
and can be operated under maximal repetition rate of 60 Hz. To achieve full power flashes
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Figure 39: Light chamber casing blueprint
an additional capacitor box E7289 is connected to the Xenon Flash Lamp power supply
C6096. High energy flashes also results in some energy losses in the lamp, therefore the
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cooling jacket E6611 with the brushless DC motor fan is needed to keep the lamp at the
operating temperature. The cooling jacket provides at the same time the socket into which
the xenon flash lamp is inserted. It provides mechanical stability and allows mounting to
the adapted light chamber of the microscope.
The controller that synchronizes camera with the flash light has been made using the
microcontroller ATMega 16, produced by Atmel. The choice of the microcontroller is not
critical, as the signals timings are well below kHz range. The schematics with ATMega
16 microcontroller is shown in figure 40. The microcontroller clock is generated with the
7.3728 MHz quartz crystal, allowing synchronization with standard UART speed. The con-
nection with the computer for controlling the operation of the controller is made through
serial connection with the FT232 adapter to enable USB connection. The speed of com-
munication is 9600 baud 8N1.
Figure 40: Schematics diagram of the flash light controller
When the controller is switched on, the trigger is armed and waits for the camera sync
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pulses that generates lamp pulses for flash discharge. There is a possibility to turn on
or off the trigger by sending single letter commands e as enable or d for trigger disable.
There is not necessary to send any newline characters after each command. Additional
command c followed by 4-digit number (for example c4123) enables the trigger for exactly
the number of flashes specified by the 4-digit number and on the completion the controller
sends an indication back to the computer that the specified number of flashes have been
made by sending letter o as over by the USB port. This improves the automation of the
measurement process. The microcontroller control of the triggering is flexible also because
it is possible to programmatically set the time of the flash discharge within the integration
frame of the camera if that is necessary, due to the possible camera integration start time
jitter.
The controller is connected to the computer via USB cable form which it also draws
power. Another USB port is used to connect the USB frame grabber to the computer.
Any Linux compatible USB frame grabber can be used for this manner. It connects to the
camera controller to digitize the image and sends it to the analysis program and saves the
sequence of images (measurement) to disk.
In our system Sony XC-77CE camera is used. It is an industrial monochrome camera
module with 2/3-inch CCD sensor providing high resolution video signal (756x493 pixels).
The sensor pixels are square (11x11 µm area). The sensitivity is 400 lux at F4, and it has
high signal to noise ratio (better than 50 dB) [83]. It can output the synchronization signal
whenever the start of the frame occurs, allowing synchronization of flash light circuitry.
The Sony XC-77RR-CE CCD camera controller and DC-77RR-CE power supply unit is
used to convert camera output to composite video signal, and at the same time provides
the power to the camera [84].
The whole process of the measurement is controlled by simple graphical user interface,
which is an analysis software as well (figure 41). The new measurement is started by clicking
the button Acquire new sequence. The sequence length is set in the menu (partially
visible in the title bar). The same interface can be used to load existing measurement
and to recalculate the bending stiffness by clicking button Solve. At that time it runs
the existing software (explained in [40, 41]) and runs computations while interacting with
experimentalist using dialogs if required.
The example of the measurement of the bending stiffness of the vesicle made of SOPC
(l-stearoyl-2-oleoyl-sn-glycero-3-phosphocholine) phospholipids was done. The vesicles were
prepared by electroformation method described in [39]. The measurements were performed
by recording 400 images taken 2 s apart. In table 5 the results of bending stiffness with its
relative error vs. the maximum number of modes lmax of spherical harmonics used in the
calculations are listed. With the increasing number of the modes used fot the determination
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Figure 41: Graphical user interface of the measurement application.
of the Kc, the relative error of the measurement decreases. The results in table 5 are
presented on graph in figure 42.
Table 5: Results of measurements of SOPC vesicle
Max. number of mode lmax Kc [kT ] at t = 24
◦C relative error
7 32.08 0.3489
8 30.74 0.3099
9 28.75 0.2843
10 27.21 0.2657
11 28.11 0.2480
12 28.62 0.2346
13 28.03 0.2286
14 26.23 0.276
15 25.12 0.260
16 24.45 0.2251
17 23.86 0.2241
18 22.49 0.2248
19 21.73 0.2251
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Figure 42: Measured bending stiffness Kc together with standard error (error bars) as a
function of the number of the maximal mode of spherical harmonics lmax.
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6. Conclusion
6 Conclusion
The self avoiding triangulated surface with Monte Carlo simulations as a model of thermal
fluctuations of nearly spherical lipid vesicles was presented in the thesis. The results of
the simulations, the microstates of the vesicles in the thermal equilibrium were used in
spectral analysis, where the deviations from the ideally spherical state were decomposed into
spherical harmonics series. The average of the calculated modes of the spherical harmonics
functions was then fed into the system of equations presented by Milner and Safran, from
which the bending stiffness of the membrane was calculated. In order to comply with the
requirements of Milner and Safran, the constant volume constraint was introduced to the
model. Good agreement between the input bending stiffness for the simulator and the final
calculated values (depending of the mesh density, the difference can be well below 10%)
was found, confirming the equation of Milner and Safran [60]. The theory of Milner and
Safran can be used in numerical simulations, where we simulate the canonical ensemble of
the thermal fluctuating microstates by the self avoiding triangulated network.
The algorithm for the simulator trisurf was written in C programming language.
The simulator have basic functionality of modeling and simulating the lipid vesicles and
the determination of the bending stiffness. There are many possibilities to extend the
algorithm with additional features because of the well organized data organization within
the program and logical organization of the code, allowing the researchers to extend the
basic functionality to include PEGylated vesicles, the filament structures or multi-phase
bilayer models as an example. The algorithm adaptation for calculating equilibrium states
of vesicles with reduced volume was presented as an example.
The optimal method for collecting the simulated vesicle microstates was provided. Since
it is important to sample only non-correlated shapes of the vesicle, there was no need to
perform any kind of special parallelization. Due to embarrassingly parallelizable problem,
multiple runs of the program with differently initialized random number generators were
enough to shorten the total time of the simulations. The script for deploying the work
among different computers on the network has been made.
The phase-contrast microscope was upgraded with flash light to enable registration
of sharp images of vesicles for experimental determination of the bending stiffness of the
giant unilamellar phospholipid vesicles. The mechanical modifications for attaching the
additional light source to the microscope without the secondary light port was made and
the electronics with corresponding software for controlling the flash discharge in sync with
camera was devised. The measurement procedure was simplified with user friendly software
on the personal computer.
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7 Original scientific contributions
1. Improvement of the Randomly triangulated surfaces Monte-Carlo computer simulation
program
The program for computer simulations was written in C programming language, with
tools for parallel run of the simulations. Additional features that are needed for
determining bending stiffness were added, algorithm to calculate spherical harmonics
coefficients for vesicle microstate was added. The algorithm that calculate bending
stiffness of the vesicle from the time average of the spherical harmonics coefficients
according to the equation of the Milner and Safran was implemented.
2. Improvement of the experimental apparatus for measuring thermal fluctuations of
membranes
The phase-contrast optical microscope Nikon Eclipse TE2000-S was fitted with addi-
tional flash light illumination. This enabled better registration of the images of the
thermally fluctuating nearly spherical giant unilamellar vesicles under observation and
thus more precise results of the subsequent calculations. The controller for flash light
system was built implementing the camera synchronization and the computer control
over the image recording process. The series of images (vesicle microstates) that are
transferred to the computer used in the analysis. From the observed fluctuations, the
algorithm determines the angular autocorrelation functions, from which the spectral
analysis is performed and the bending stiffness of the membrane is calculated.
3. Comparison of the theoretical model of thermal fluctuations of lipid membranes with
Monte Carlo simulations
The results of bending stiffness obtained by the simulations of the thermal fluctuations
of the triangulated network (representing the lipid membrane vesicle) done by Monte
Carlo simulations were compared with the theoretical equations of Milner and Safran.
Assumptions of the theoretical model (constant volume, the shape of the vesicles,
the samples need to be uncorrelated) were used. A match between simulations and
theoretical prediction was found. The agreement between the results of simulations
(sometimes called the “measurements”) with the theoretical model proves that the
algorithm of the simulator using triangulated surfaces for modelling nearly spherical
vesicles can be used to compute bending stiffness, providing important ground for
future research of the properties of the membranes.
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A Thermal fluctuations and elasticity in two dimen-
sions
Thermal fluctuations of phospholipid vesicles are derived in two dimensions, due to simpli-
fied expressions. For a lipid vesicle in three dimensions, the well known Helfrich bending
energy [10] for a membrane with zero spontaneous curvature (symmetric lipid bilayer) and
with fixed topology (the contribution of the Gaussian curvature to the bending energy does
not depend on the fluctuations) is
Wb =
1
2
kc

A
(C1 + C2)
2dA, (51)
where kc is the membrane bending stiffness, C1 and C2 are the principal curvatures of
the membrane and the integral runs over the whole membrane area A [85]. To make a
correspondence with a two-dimensional treatment, imagine a lipid membrane forming a
cylinder, namely a bilayer wrapped into a straight tube, long enough that the end effects
of the tube can be neglected. Then one principal curvature is zero and dA = h dl, where h
is the cylinder’s height and dl is the length element of the cross-section’s contour. We can
define k
(2D)
c = h kc, with k
(2D)
c being the two-dimensional analog of the bending stiffness of
the membrane with units of energy × length. In this analogy we also have to assume the
form of a cylinder for the thermal shape fluctuations. As the lipid bilayer fluctuates, the
deviations from a cylinder with a circular cross-section are independent of the coordinate
parallel to the cylindrical symmetry axis, or in other words, shape undulations are the same
over the whole length of the tube. Another possible analogy is a closed linear polymer of
almost circular shape, enclosed in a thin planar film of liquid so that its out of plane
fluctuations are completely suppressed. The constant k
(2D)
c is then k
(2D)
c = kBT ξ, where
kBT is the thermal energy and ξ is the polymer persistence length. In the following 2D
treatment, we omit the superscript (2D) in k
(2D)
c [85].
Let us consider a nearly circular closed planar curve enclosing constant area A = πR20,
where R0 is the radius corresponding to a circle with the same area A. In polar coordinates
the curve is described by the radial coordinate R = R(φ, t), depending on the polar angle
φ and on time t. The bending energy of the curve can then be written as
Wb =
1
2
kc

L(t)
C2 dl =
1
2
kc
2π
0
C2
√
R2 +R′2 dφ, (52)
with curvature C = C(φ, t) and the contour length element dl =
√
R2 +R′2dφ of the closed
curve with total length L = L(t). Note that curvature C, radial coordinate R and contour
length in general all fluctuate with time t [85]. We use the prime symbol for denoting the
operator of the first partial derivative with respect to φ. Similarly we use the double prime
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symbol for denoting the second partial derivative with respect to φ. In polar coordinates
the curvature C can then be written as
C =
R2 + 2R′2 −RR′′
(R2 +R′2)3/2
. (53)
The constant kc in Eq. 52 has units of energy × length and represents the “two-dimensional”
bending stiffness [85].
For the circle with radius R0, Eq. 52 yields the bending energy
W0 =
1
2
kc
2π
0
1
R20
R0 dφ =
πkc
R0
. (54)
Let us consider the relative deviations, r = r(φ, t), from the circle with radius R0,
R(φ, t) = R0(1 + r(φ, t)). (55)
Then we can express the squared curvature, which we will need for calculating the bending
energy (from Eq. 52) as
C2 =
[1 + 2r + r2 + 2r′2 − (1 + r)r′′]2
R20 [(1 + r)
2 + r′2]3
. (56)
Now we assume that thermal fluctuation do not cause too much deviation of the contour
from a circular shape. More specifically, we assume the relative deviations from a circle
and its first and second derivatives with respect to φ are small [85]:
r(φ, t) ≪ 1, (57)
r′(φ, t) ≪ 1, (58)
r′′(φ, t) ≪ 1. (59)
Therefore we can expand C2 (from Eq. 56) up to the second order in r, r′, r′′,
C2 =
3r2 + r′2 + (r′′ − 1)2 + r(6r′′ − 2)
R20
. (60)
Also expanding the length element,
dl =
√
R2 +R′2 dφ = R0

1 + r +
r′2
2

dφ, (61)
the bending energy from Eq. 52 becomes
Wb =
kc
2R0
2π
0

r2 +
3
2
r′2 + (r′′ + 1)2 + r(4r′′ − 1)

dφ. (62)
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Now we expand relative deviations from a sphere into the Fourier series [85]:
r(φ, t) =
nmax
n=−nmax
zn(t)e
inφ, (63)
where the cutoff nmax ∼ R0/λmol is introduced, with λmol being some typical intramolecular
distance. For brevity the limits are omitted in the summation signs in the expressions
below.
Note that the complex amplitudes have the property z−n(t) = z∗n(t), assuring relative
deviations r(φ, t) be real values [85].Inserting the above expressions into Eq. 62, and per-
forming integration over the polar angle φ [85],
2π
0
r dφ =

n
zn
2π
0
einφdφ = 2πz0, (64)
2π
0
r2 dφ =

n,m
znzm
2π
0
ei(n+m)φdφ = 2π

n
|zn|2, (65)
2π
0
r′2 dφ = −

n,m
nznmzm
2π
0
ei(n+m)φdφ = 2π

n
n2|zn|2, (66)
2π
0
r′′ dφ = −

n
n2zn
2π
0
einφdφ = 0, (67)
2π
0
r′′2 dφ =

n,m
n2znm
2zm
2π
0
ei(n+m)φdφ = 2π

n
n4|zn|2, (68)
2π
0
rr′′ dφ = −

n,m
znm
2zm
2π
0
ei(n+m)φdφ = −2π

n
n2|zn|2, (69)
we obtain
∆Wb = Wb −W0 = πkc
R0

−z0 +

n
(n4 − 5
2
n2 + 1)|zn|2

. (70)
Note that W0 = πkc/R0 (see Eq. 54) is the bending energy of the circle with radius R0.
The zero-mode amplitude z0 can be expressed using the area conservation A = πR
2
0
[85]. Taking into account
A =
2π
0
R2
2
dφ = πR20

1 + 2z0 +

n
|zn|2

(71)
we see
z0 = −1
2

n
|zn|2 (72)
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and therefore the expression for the bending energy is
∆Wb(t) =
πkc
R0

n̸=0
(n4 − 5
2
n2 +
3
2
)|zn(t)|2, (73)
where n in the summation runs over all nonzero integers from −nmax to nmax. The term
|z0|2 is not taken into account in the above summation, since it is of the fourth order in the
amplitudes zn, as seen from Eq. 72 [85].
The total elastic energy of our fluctuating closed contour is the sum of the bending
contribution (Eq. 73) and the stretching contribution. The stretching energy can be repre-
sented as
Ws(t) =

L(t)
1
2
[λ(t)]2
ks
dlr =
1
2
[λ(t)]2
ks
Lr, (74)
where ks is the “stretching modulus” (with units of energy × length), L = L(t) is the
contour length,
λ(t) = ks
L(t)− Lr
Lr
(75)
is the tension and Lr is the tension-free contour length (relaxed membrane). Let us note
that tension λ = λ(t) fluctuates with time t, but can be taken as constant over the contour
(or vesicle membrane in 3D) [86]. The reason why the integral in Eq. 74 runs over the
length element dlr(t) of the tension-free membrane (and not, say, dl(t)) lies in the fact that
dlr(t) is proportional to the number of molecules in the length dl(t) and what we calculate
is the energy per molecule (or, in other words, energy for the part of the membrane with a
fixed number of molecules in it) [85].
Introducing the time mean tension as
⟨λ⟩ = ks ⟨L⟩ − Lr
Lr
, (76)
and using the relation
λ(t)− ⟨λ⟩ = ksL(t)− ⟨L⟩
Lr
, (77)
we can rewrite the stretching energy from Eq. 74 as:
Ws(t) =
1
2
ks
[L(t)− Lr]2
Lr
=
1
2
ks
[L(t)− ⟨L⟩+ ⟨L⟩+ Lr]2
Lr
=
= ⟨λ⟩ [L(t)− ⟨L⟩] + Lr ⟨λ⟩
2
2 ks
+
1
2
[λ(t)− ⟨λ⟩] [L(t)− ⟨L⟩] . (78)
Note that in the second line of the above expression the second term is the stretching energy
of the contour with the average length ⟨L⟩ and is independent of time [85]. We can define
∆Ws(t) = ⟨λ⟩ [L(t)− L0] + 1
2
[λ(t)− ⟨λ⟩] [L(t)− ⟨L⟩] + const., (79)
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where the term const. does not depend on time and L0 = 2πR0 is the contour length of the
circle with area A. We see that
L(t)− L0 =

L(t)
dl − L0 = πR0

n̸=0
(n2 − 1)|zn(t)|2 (80)
and that
L(t)− ⟨L⟩ = πR0

n ̸=0

(n2 − 1) |zn(t)|2 − |zn(t)|2 . (81)
Therefore the second term in Eq. 79 is the product of the fluctuations of the molecular
(mean) field (namely, [λ(t)− ⟨λ⟩], created by the squares |zn(t)|2 of the amplitudes of all
modes available) and the fluctuations of the square [|zn(t)|2 − ⟨|zn(t)|2⟩] of the amplitude
of the mode under consideration. The essential idea of the mean-field approximation is to
disregard the correlations of the molecular field with fluctuations of its conjugated quantity
[85]. Therefore the second term in Eq. 79 may be omitted and this gives us
∆W (t) = ∆Wb(t) + ∆Ws(t) =
=
πkc
R0

n ̸=0
[n4 − 5
2
n2 +
3
2
+ (n2 − 1)λ¯]|zn(t)|2 + const. = (82)
=
πkc
R0

n ̸=0
(n2 − 1)(n2 + λ¯− 3
2
)|zn(t)|2 + const., (83)
where we introduced the dimensionless average tension λ¯ = ⟨λ⟩R20/kc [85].
Performing time averaging of the above result and taking into account the equipartition
theorem that each fluctuation mode on the average contributes kBT/2 to the energy, we
finally obtain the expression for the mean squared amplitudes [85]:
|zn|2 = kBT
2
R0
πkc
1
(n2 − 1)(λ¯+ n2 − 3
2
)
. (84)
The mean squared amplitudes for the modes n ≥ 2 diverge for negative values of the
lateral tension, as expected (⟨|z2|2⟩ diverges for λ¯ = −2.5) [85].
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The membrane bending stiffness of nearly spherical lipid vesicles can be deduced from the analysis of their thermal shape
fluctuations. The theoretical basis of this analysis [Milner and Safran, Phys. Rev. A, 1987, 36, 4371-4379] uses the mean
field approximation. In this work we apply Monte Carlo simulations and estimate the error in the determination of the bending
stiffness due to the approximations applied in the theory. It is less than 10%. The method presented in this work can also be used
to determine the changes of the bending stiffness of biological membranes due to their chemical and/or structural modifications.
1 Introduction
Biomembranes are one of the main building blocks of living
matter. Due to their important role in biological systems, there
is a large interest in their structure and functioning principles.
A widely accepted description of the biomembrane struc-
ture is given by the model of Singer and Nicolson1 represent-
ing the biomembrane as a lipid bilayer embedded with integral
proteins. One of the factors determining the functioning of
biomembranes are their mechanical properties, which play an
important role in defining intermembrane interactions, mem-
brane fusion, the motion of cells in flow, etc. The mechani-
cal properties of biomembranes are determined to a great ex-
tent by the mechanical properties of their lipid bilayers. The
lipid bilayer can be considered as a simplified model of the
biomembrane and theoretical and experimental investigations
of the mechanical properties of lipid bilayers are continuously
rising2–5.
In most cases the thickness of the lipid bilayer is much
smaller than the typical dimension of the studied object (cell,
vesicle, etc.) and the bilayer can be considered as a two-
dimensional structure. The macroscopic mechanical proper-
ties of such membranes are determined by their stretching,
bending, and shear moduli6. In this paper we consider a spe-
cial case of membranes with zero shear modulus, correspond-
ing to a two-dimensional liquid. We assume that during the
characteristic observation time, i.e. during the measurement,
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the number of amphiphilic molecules in each of the two mono-
layers comprising the bilayer does not change and that the vo-
lume enclosed by the membrane remains constant. This per-
mits us to consider the studied object as an equilibrium struc-
ture. Note, however, that we do not impose a restriction for
the membrane to be tensionless.
One of the most commonly used experimental methods for
determining the bending stiffness of lipid membranes is the
analysis of the thermal shape fluctuations of a nearly spheri-
cal lipid vesicle7–15. The theoretical basis of this analysis was
proposed by Milner and Safran16 by considering the fluctuat-
ing vesicle as an ensemble of non-interacting harmonic oscil-
lators. The time mean squares of the amplitudes of these oscil-
lators depend on several factors, including the lateral stretch-
ing of the membrane that induces a lateral membrane tension.
When such time and position dependent membrane tension is
taken into account, the Hamiltonian of the fluctuating vesicle
is not a function of an ensemble of independent oscillators.
In order to obtain that, a mean field approximation is used,
where the fluctuations of the membrane tension are neglected
and the fluctuating tension is replaced with its mean value.
A question arises, whether this approximation provides ade-
quate results. Recently, an essay on this topic was done by
Bivas and Tonchev17, who used the Bogolyubov inequalities
and the method of the approximating Hamiltonian18. Neces-
sary conditions assuring the validity of the Milner and Safran
theory were found. One of these conditions is the high enough
value of the mean lateral tension of the vesicle membrane.
One of the aims of the presented work is the verification of
the results of the Milner and Safran theory by means of Monte
Carlo simulations of the shape fluctuations of a nearly spheri-
cal lipid vesicle. The results of the simulations are considered
as experimental data whose accuracy increases with the in-
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crease in the length of the simulation. The obtained results
show that the determination of the bending stiffness is pos-
sible using the theory of Milner and Safran with acceptable
precision.
The analysis of simulations presented in this work can serve
as a tool to quantitatively measure the changes of the ben-
ding stiffness of biological membranes due to the chemical
and/or structural modifications of lipid bilayers. This can be,
for example, the change of the composition of lipid molecules
in the bilayer (multicomponent lipid bilayers), the insertion of
inclusions (like peptides and other proteins) in the bilayer19,
or the polymer coating of the vesicle (like PEGylated20,21 and
polyelectrolyte-grafted22,23 vesicles).
2 The model
2.1 Bending energy
We consider thermal fluctuations of a lipid vesicle in thermo-
dynamic equilibrium. The membrane of the vesicle is a fluid
lipid bilayer. For the bending energy Wb of the membrane we
use the standard Helfrich expression6 for a tensionless mem-
brane with a zero spontaneous curvature and a fixed topology
(the contribution of the Gaussian curvature to the bending en-
ergy does not depend on the fluctuations):
Wb =
κ
2
∮
A
(c1+ c2)2 dA, (1)
where κ is the bending stiffness of the membrane, c1 and c2
are the principal curvatures of the vesicle membrane at the
point under consideration and the integration is performed
over the membrane area A.
The lipid bilayer is on a timescale of thermal fluctuations
impermeable for water molecules and due to the low com-
pressibility of water we can assume the vesicle’s volume to
be constant during thermal fluctuations.
With thermal fluctuations some lateral stretching of the
membrane occurs on the scale of phospholipid molecules,
however, the energy required to significantly change the area
of the membrane greatly exceeds the thermal energy kT (pro-
duct of the Boltzmann constant and the absolute tempera-
ture), therefore we can assume that the overall area A of the
membrane remains almost constant during thermal fluctua-
tions (∆A A).
2.2 Randomly triangulated surface
The membrane of the vesicle is described by a set of N ver-
tices linked with bonds of flexible length d to form a closed,
randomly triangulated, self-avoiding network24–26. Lengths
of the bonds can vary between their minimal value dmin and
maximal value dmax. All vertices experience a hard-core re-
pulsive potential at their mutual distances dmin.
In our simulations the initial state of triangulation is a pen-
tagonal dipyramid with all the edges divided into equilateral
bonds so that the network is composed of 3(N − 2) bonds
forming 2(N− 2) triangles. The system is initially thermali-
zed – evolved into the nearly spherical equilibrium state using
the Metropolis-Hastings algorithm (as described below).
The thermal fluctuations of the vesicle membrane are sim-
ulated by employing the Monte Carlo method, where Monte
Carlo steps are vertex moves, assuring shape fluctuations, and
bond flips, assuring lateral fluidity within the membrane. The
vertex move includes a random displacement of the vertex
within a sphere with radius s positioned at the center of the
vertex. In this work we choose dmax/dmin = 1.7 and s/dmin =
0.15, resulting in a self-avoiding nearly spherical network with
approximately one-half of vertex moves accepted. The bond
flip involves four vertices of the two neighboring triangles.
The bond shared by the neighboring triangles is cut and re-
established between the other two, previously unconnected,
vertices.
The microstates of the vesicle are sampled according to the
Metropolis-Hastings algorithm. To obtain the canonical en-
semble representing the system in a thermodynamical equi-
librium, each individual Monte Carlo step (vertex move or
bond flip) is accepted with probability min [1,exp(−∆E/kT )],
where ∆E is the energy change due to the vertex move or bond
flip.
Some discussion was done in the past on choosing an ap-
propriate discretization of the bending energy on a triangu-
lated surface (for example, see Sec. 2 in Gompper and Kroll,
199625, Eq. 70 in Gompper and Kroll, 200424, or Ramakrish-
nan et. al., 201126). In this work we used for the discretization
of the bending energy (Eq. 1) the relation27,28
∫
A
(c1+ c2)2 dA =∑
i
1
σi
[
∑
j(i)
σi j
di j
(Ri−R j)
]2
, (2)
where the outer summation runs over all vertices and the in-
ner summations run over all their nearest neighbors, Ri is the
radial vector of vertex i, di j is the distance between vertices i
and j,
σi =
1
4∑j(i)
σi jdi j (3)
is the area of the cell in the dual lattice27 in vertex i. Here
σi j = di j[cot(θ1)+cot(θ2)]/2 is the distance between vertices
in the dual lattice, θ1 and θ2 being opposite angles to side i j
in the two triangles that share the common bond i j.
The volume of the vesicle is kept constant at the given value
V0 by the constraint |V −V0| < εV , where εV must be small
enough to fulfill the condition εV  V0, but still not so small
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to completely suppress the out-of-plane shape fluctuations of
the membrane. The choice of εV depends on the discretization
and is in our work taken to be the volume of the tetrahedron
consisting of equilateral triangles with areas A0/Nt, where A0
is the area of the spherical vesicle with volume V0 and Nt the
number of triangles in the triangulated surface:
εV =
4
√
2pi
33/4
V0
N3/2t
. (4)
The evolution of the system is measured in Monte Carlo
sweeps (mcs). One mcs consists of individual attempts to dis-
place each of the N vertices, followed by 3N attempts to flip
a randomly chosen bond. Let us just note that the bond flip
to vertex move attempt ratio is connected to the lateral diffu-
sion coefficient within the membrane, that is, to the membrane
viscosity29,30. Diffusion also introduces a real timescale in
the simulations and allows simulations of the dynamics of the
modeled system, which is not considered in this work.
2.3 Obtaining elastic properties through spectral analy-
sis of thermal fluctuations
Using the theory of Milner and Safran16 the bending stiffness
Kc of the membrane can be measured from the spectral analy-
sis of thermal fluctuations of our randomly triangulated sur-
face of the nearly spherical vesicle. Note that the bending
stiffness κ is an input parameter in our simulations and that
we used a different symbol (Kc) for the bending stiffness ob-
tained from the spectral analysis of thermal fluctuations. From
now on, to distinguish the two values κ and Kc, we name them
the input bending stiffness and the measured bending stiffness,
respectively.
Let us consider our triangulated nearly spherical vesicle
with volume V0 and let R0 be the radius of a sphere with
the same volume. The length of the radial vector Ri(t) =
R(ϑi,ϕi, t) from the origin to the vertex i at time t is then de-
fined as
R(ϑi,ϕi, t) = R0[1+ r(ϑi,ϕi, t)], (5)
where ϑi and ϕi are the spherical coordinates of the i-th vertex
and r(ϑi,ϕi, t) is the relative displacement of the i-th vertex.
Relative displacements r(ϑi,ϕi, t) are decomposed into a
series with respect to the spherical harmonics Y ml (ϑi,ϕi):
r(ϑi,ϕi, t) =
lmax
∑
l=0
l
∑
m=−l
uml (t)Y
m
l (ϑi,ϕi), (6)
where cutoff lmax is of the order of R0/dmin and the spherical
harmonics are defined as
Y ml (ϑ ,ϕ) =
√
(2l+1)
4pi
(l−m)!
(l+m)!
Pml
(
cos(ϑ)
)
eimϕ (7)
using associated Legendre polynomials Pml .
The complex coefficients uml (t) can then be calculated using
the relation
uml (t) =
∫
Ω
r(ϑ ,ϕ, t)(Y ml (ϑ ,ϕ))
∗ dΩ, (8)
where the integration runs over the solid angleΩ of the sphere.
The discretization of the above expression can be done as
uml (t) =
N
∑
i=1
Ωi(t)ri(t)(Y ml (ϑi(t),ϕi(t)))
∗ , (9)
where Ωi(t) is the solid angle corresponding to vertex i and
the sum runs over all vertices of the triangulated surface.
The mean squared amplitudes of spherical harmonics〈|uml |2〉 are calculated by averaging the |uml (t)|2 values over
an ensemble of microstates of the vesicle in the thermal equi-
librium. Using the expression of Milner and Safran16,〈|uml |2〉= kTKc 1(l−1)(l+2)(σ¯ + l(l+1)) , (10)
the bending stiffness Kc and the dimensionless mean lateral
tension σ¯ of the membrane can be obtained.
Note that Eqs. 10 were deduced for vesicles the membranes
of which are lipid bilayers with a zero spontaneous curvature
as well as for emulsion droplets the membranes of which are
monolayers consisting of amphiphilic molecules with a zero
spontaneous curvature16. In the case of lipid bilayers Kc is
the bending stiffness at free flip-flop15 (for the definition of
bending elasticity at blocked and free flip-flop, see Helfrich6).
If the stretching of the membrane of the emulsion droplet is
high enough, then the sufficient condition for the validity of
Eqs. 10 will be fulfilled17. The same is valid for the stretched
enough vesicle membrane.
Since the rhs of Eqs. 10 do not depend on the order of sphe-
rical harmonics m, the mean squared amplitudes of spherical
harmonics obtained from simulations are first averaged over
m and then the obtained values
〈|ul |2〉 are used on the lhs of
Eqs. 10: 〈|ul |2〉= kTKc 1(l−1)(l+2)(σ¯ + l(l+1)) . (11)
To obtain the bending stiffness Kc and the dimensionless mean
lateral tension σ¯ of the membrane together with their standard
errors, the
〈|ul |2〉 from simulations are fitted with the formula
of Milner and Safran (Eqs. 11) using an inverse squared vari-
ance weighted nonlinear fit.
3 Results and discussion
For each set of parameters the system is initially thermalized
into a nearly spherical vesicle and then the volume is fixed.
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Fig. 1 Autocorrelation functions f (|uml |2,τ) of the lowest relevant
degrees of spherical harmonics l = 2 and l = 3, for N = 1127 and
κ = 20 kT . The dashed gray horizontal line indicates the value 1/e.
The decay time of a given mode is defined as time when the
autocorrelation function falls below this value.
The squared amplitudes of spherical harmonics |uml |2 are ob-
tained from Monte Carlo simulations as described in Sec. 2.
To obtain the ensemble of microstates that are stati-
stically independent, the autocorrelations of squared ampli-
tudes f (|uml |2,τ) are calculated with the autocorrelation func-
tion
f (x,τ) =
T−τ
∑
t=1
(x(t)−〈x〉)(x(t+ τ)−〈x〉)
T−τ
∑
t=1
(x(t)−〈x〉)2
, (12)
where the sums run over the discrete “time” t denoting conse-
cutive microstates and T is the number of microstates used in
the calculation of the mean 〈x〉. Let us define the decay time
of |uml |2 as the value of τ when the autocorrelation function
f (|uml |2,τ) falls bellow 1/e.
Fig. 1 shows the autocorrelation functions of the few lowest
relevant modes for a system with N = 1127 vertices and input
bending stiffness κ = 20 kT . It can be seen that the longest
decay times are for |um2 |2 i.e. the decay time decreases with the
increasing degree of the spherical harmonics l, as expected.
Let us denote the largest decay time of all the relevant modes
for a given system with N vertices as τN (in Fig. 1 we have
τ1127 ≈ 60000). The largest decay time τN decreases with the
increasing input bending stiffness κ , while it increases with
the number of vertices N in the triangulated network.
The decay time τN is important for our spectral analy-
sis since it can be used to estimate the “time” interval be-
tween two microstates that can be regarded as statistically un-
correlated. The ensemble of statistically uncorrelated states
is needed for the estimation of the standard errors together
with the means of squared amplitudes of spherical harmonics.
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Fig. 2 Mean squared amplitudes
〈|u02|2〉 (full), 〈|u12|2〉 (dashed) and〈|u22|2〉 (dotted) as a function of the number of statistically
independent measurements used in the averaging. The input bending
stiffness κ = 20 kT and the membrane is triangulated with N = 1127
vertices.
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Fig. 3 Mean squared amplitudes
〈|uml |2〉 for l = 2,3 and 4, obtained
from 1000 measurement for a vesicle with input bending stiffness
κ = 20 kT and triangulated with N = 1127 vertices. The error bars
indicate the standard error (standard deviation divided by the
square-root of the number of measurements). Lines connect the
points with the same degree l and are for the guide-of-eye only.
Those standard errors of
〈|uml |2〉 have to be taken into account
in the fitting procedure in Eqs. 11, to obtain relevant values
of the bending stiffness Kc and the dimensionless mean lateral
tension σ¯ of the membrane. In this work the interval between
two consecutive microstates in an ensemble of statistically
uncorrelated states, i.e. between two consecutive “measure-
ments”, was always larger than three times the largest decay
time τN . In Fig. 1, for example, the x-axis spans the “time”
interval between consecutive measurements for a system with
N = 1127 and κ = 20 kT .
When squared amplitudes |uml |2 are averaged over the en-
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semble of microstates, the obtained
〈|uml |2〉 with the same or-
der m converge towards the same value, as shown in Fig. 2
for |um2 |2. This is in accordance with the theory of Milner and
Safran (rhs of Eqs. 10 are independent of m). Also Fig. 3
shows that the mean squared amplitudes obtained from simu-
lations are independent of m. Note that our previously re-
ported31 inability to observe this independence of
〈|uml |2〉 on
m was a result of numerical errors.
5 10 15 20
19
19.5
20
κ
Max l
K
c
Fig. 4 Measured bending stiffness Kc together with standard error
(error bars) as a function of the maximal degree l of spherical
harmonics used in the calculation of Kc and σ¯ . The value of the
input bending stiffness κ = 20 kT is indicated with a horizontal
dashed line. The membrane is triangulated with N = 3127 vertices
and 200 statistically independent microstates are measured (between
each measured microstate is an interval of 2×106 mcs). Lines
connecting the points are for the guide-of-eye only.
The measured bending stiffness Kc and the dimensionless
mean lateral tension σ¯ are obtained from the mean squared
amplitudes as described in Sec. 2.3. The result of a fitting pro-
cedure for Kc is shown in Fig. 4 as a function of the maximal
degree l of spherical harmonics used in the fitting of
〈|ul |2〉
in Eqs. 11 (Eqs. for all values from l = 2 up to the maximal
degree l are taken into account).
The measured bending stiffness Kc is shown in Fig. 5 as a
function of the number of vertices N of the triangulated sur-
face. As expected, the difference between the measured ben-
ding stiffness Kc and the input bending stiffness κ = 20 kT
decreases as we increase the number of vertices in the triangu-
lation (i.e. as we increase the resolution of the discretization).
Fig. 5 also shows the obtained values of the dimensionless
mean lateral tension σ¯ for the same sets of measurements. Let
us note that the measured Kc should not depend on the value
of σ¯ . The mean lateral tension in the membrane depends on
the value of the fixed volume of the vesicle, i.e. how much the
vesicle is “swollen”. This is somewhat arbitrarily chosen by
picking a random microstate in the thermodynamical equilib-
rium when fixing the volume and starting the measuring pro-
1000 1500 2000 2500 3000
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K
c
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0
σ¯
Kc
σ¯
Fig. 5 Measured bending stiffness Kc together with standard error
(error bars) as a function of the number of vertices N used in the
triangulation of the membrane, for the input bending stiffness
κ = 20 kT . The dimensionless mean lateral tension σ¯ for the same
sets of measurements is also shown. Lines connecting the points are
for the guide-of-eye only.
cedure for Kc and σ¯ . As expected, the exact choice of the
equilibrium microstate used when fixing the volume, i.e. the
value of σ¯ , does not observably influence the measured Kc.
10 20 30 40 50 60 70
−0.1
−0.08
−0.06
−0.04
κ
K
c/
κ
−
1
Fig. 6 Relative difference between the measured and the input
bending stiffness as a function of the input bending stiffness for the
membrane triangulated with N = 1447 vertices.
Fig. 6 shows the relative difference between the measured
and the input bending stiffness, Kc/κ−1, for different values
of the input bending stiffness κ . It can be seen that increasing
the input bending stiffness decreases the mismatch between
the input and the measured bending stiffness. Note that, as
already reported above, the correlation times of squared am-
plitudes decrease with the increasing bending stiffness of the
membrane.
A group of methods for the investigation of lipid-water sys-
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tems exists, the results of which are explained by the fluc-
tuations of the membranes of these systems. These are the
different kinds of scattering: neutron32,33, laser light34, etc.
Zilman and Granek32,33, investigating the neutron scattering
in the lamellar lipid-water phase, used periodic boundary con-
ditions and developed the out-of-plane fluctuations of the lay-
ers in the Fourier series. The periodic boundary conditions
resemble monodisperse vesicular suspensions, with their re-
peating distance being the analog of the radius of the vesicle.
The authors determined the decay rate of different fluctuation
modes from their experimental data. Due to the absence of
real timescale in our Monte Carlo simulations, we cannot de-
termine the true values of these decay rates from simulations
and a direct comparison with the experimental results cannot
be made. As already noted in Sec. 2.2, real timescale could be
introduced in our simulations through the lateral diffusion of
vertices on the randomly triangulated surface, which is beyond
the scope of this work.
Brocca, et al.34 have investigated the shape fluctuations of
large unilamellar lipid vesicles using laser light scattering.
The analysis of their experimental results permits the simul-
taneous deduction of the time mean squares
〈|uml (t)|2〉 (see
Eqs. 10) of the amplitudes uml (t) and the decay rate of these
amplitudes. According to the theory of Milner and Safran16
a relation between these two quantities exists, however the re-
sults obtained by Brocca, et al.34 do not satisfy it. This dis-
crepancy could be explained by the fact that in the systems
studied by Brocca, et al.34 the requirements, assuring the va-
lidity of the theory of Milner and Safran are not fulfilled: the
thickness of the membrane needs to be much less than the ra-
dius of the vesicle; the viscosity of the liquid environment
inside and outside the vesicle needs to be constant; etc. It
must be noted that these authors used the theory of Milner and
Safran that does not take into account the dissipation of the en-
ergy due to the friction between the monolayers of the bilayer,
which yields a double-exponential decay of each fluctuation
mode15 instead of the mono-exponential one in the theory of
Milner and Safran16. The results of our Monte Carlo simu-
lations cannot be used for the explanation of the discrepancy
found by Brocca, et al.34. As in the case when the data of Zil-
man and Granek32,33 were considered, the reason is the fact
that our data from the simulations do not permit the determi-
nation of the true decay rate of the fluctuation modes.
4 Conclusion
The analysis of thermally induced shape fluctuations of a
nearly spherical giant lipid vesicle is one of the commonly
used methods to determine the bending stiffness of the vesi-
cle’s membrane. The theoretical basis of this analysis, pro-
posed by Milner and Safran16, uses the mean field approxi-
mation. In the present work, the error of the determination
of the bending stiffness due to the approximations used in the
theory was estimated.
Monte Carlo simulations of the fluctuating nearly spherical
vesicle have been performed using a randomly triangulated
surface. The results for the time mean squares of the ampli-
tudes of the fluctuations, obtained from the simulations, can
be determined with an arbitrarily high precision, depending
only on the length of the simulation. One of the parameters
in the simulations is the input value of the bending stiffness.
The obtained time mean squares of the amplitudes of the fluc-
tuations can be considered as experimental values, which can
be used for the determination of the output value of the ben-
ding stiffness by means of the theory of Milner and Safran.
The theory would be “exact” if the output value of the ben-
ding stiffness would have been equal to the input one. Our
results show that the difference between the two values of the
bending stiffness decreases with the increase of the resolution
of the triangulated network and can be well below 10%.
Therefore, we can conclude that the theory of Milner and
Safran can be successfully used in the determination of the
bending stiffness of the membrane of a nearly spherical lipid
vesicle. According to our results, the errors due to the approx-
imations adopted in the theory are less than 10%.
In conclusion, the analysis presented in this work can be
a useful tool to predict the change of the bending stiffness
of biological membranes due to their chemical modification.
Altering the properties of the triangulated surface and/or in-
troducing other membrane-interacting objects in the simula-
tions, and then measure the change of the bending stiffness,
offers many useful applications. Multicomponent lipid bi-
layers, membranes decorated with inclusions like peptides,
polymer coated vesicles like PEGylated and polyelectrolyte-
grafted vesicles, just to name a few.
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Abstract. Closed biological membranes were considered within the spontaneous curvature
model. Ground state membrane shapes were compared with Monte Carlo simulations in the
thermal equilibrium, where membranes are subject to thermal fluctuations. The results of the
two approaches correspond well with each other. The oblate discocyte membrane shapes are
obtained in the ground state but can become metastable when thermal fluctuations are taken
into account. The nematic ordering in oblate and stomatocyte vesicle membranes was also
studied. It was confirmed that the net topological charge on the surfaces with the topology of
a sphere was 2. On the oblate vesicle four topological defects, each with charge 1/2, assembled
in the region exhibiting the highest Gaussian curvature. On the stomatocyte vesicle with six
topological defects, each with charge 1/2, and two topological antidefects, each with charge
−1/2, the latter assembled in the region with a negative Gaussian curvature. The position of
topological defects is strongly curvature dependent.
1. Introduction
Biological cells are enclosed by a membrane that serves as a barrier separating the interior of the
cell from its surroundings [1]. Biological membranes are actively or passively engaged in trans-
membrane transport, encapsulation [2, 3], communication between cells and/or cell organelles
and the cell’s waste control. Biological membranes are complex aggregates, composed of lipid
molecules, carbohydrates, proteins and other components [4].
The main components of biological membranes are lipid molecules that are organized in a
molecular bilayer [5]. The thickness of the lipid bilayer is around 5 nm, which is several orders
of magnitude smaller than the lateral dimensions of the lipid vesicles or cells they enclose. This
enables us to use the continuum approach in the theoretical description of membrane surfaces.
Lipid bilayers in normal conditions exhibit very low resistance to bending and are therefore
subject to thermal fluctuations [6].
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Human erythrocytes have been intensively studied in the past. Much theoretical work has
been devoted to understanding the origin of different shapes of red blood cells, such as discocytes
or stomatocytes. One of the models that successfully predicted the stability these shapes is
Helfrich’s spontaneous curvature model [7]. Within the Helfrich’s spontaneous curvature model
stomatocytes and discocytes were calculated for the first time using the calculus of variation.
The shapes were in good agreement with those observed in experiments.
Biological membranes can also exhibit in-plane ordering, for example lipid bilayers in regions
of high curvature [8], or coated with proteins [9]. The shapes of viruses can also depend on
the presence of disclinations in their protein shell [10]. A mimimal model capturing the main
phenomena related to the orientational order in the membrane has been developed for colloids
coated with a thin sheet of nematic liquid crystals, also referred to as nematic shells [11, 10].
Liquid crystal molecules are oriented within the tangent plane of the shell. In nematic shells
with the topology of a sphere, topological defects are inevitable [12]. At the origin of topological
defects, the orientational order is melted. The position of topological defects are curvature
dependent [10, 13, 14, 15, 16]. On a spherical surface, the equilibrium configuration typically
has four topological defects residing in vertices of a tetrahedron in order to maximize their
mutual separation, which has been proved analytically [17] and confirmed experimentally [18].
In this work, we consider closed membrane surfaces with the topology of a sphere. We
present different methods for studying membrane configurations we previously described in [19]
and furthermore show some new, unpublished results. The paper is organized as follows. In
Sec. 2, we introduce the theoretical models and briefly discuss the numerical procedures used
to calculate equilibrium closed membrane shapes and nematic ordering. In Sec. 3, we present
some of the results of our calculations and compare the closed membrane shapes in a ground
state to those subject to thermal fluctuations. We also determine the nematic ordering on a
membrane surface. In Sec. 4, we present our conclusions.
2. Models and methods
2.1. Bending energy of the membrane
Many theoretical approaches have been used in order to study the shape transformations of
the closed shapes of biological membranes. In this work we used the model formulated by W.
Helfrich [20] already in 1973, which treats the membrane as a homogeneous two-dimensional
fluid surface characterized by the local bending energy density of the membrane in the form
[7, 20, 21, 22, 23]:
fb =
κ
2
(C1 + C2 − C0)2 + κ C1C2 , (1)
where κ and κ are the membrane bending stiffness and saddle-splay modulus, respectively, C1
and C2 are the principal curvatures, and C0 is the spontaneous curvature of the surface. Similar
models were proposed by Canham [24] and Evans [21].
The overall bending energy of the membrane, Ftot, can be obtained by integrating Eq. (1)
over the whole membrane surface:
Ftot =
∫
S
fb dS, (2)
where dS is an infinitesimal element of the vesicle area S. From the Gauss-Bonnet theorem we
know that the last term on the right-hand side of Eq. (1), if integrated over the closed surfaces
of fixed topology, is a constant.
In the present work, we consider closed membrane shapes with the topology of a sphere. The
last term on the right-hand side of Eq. (1) does not influence our shape analysis and can therefore
be neglected. The bending stiffness κ of various lipid bilayers was experimentally measured (see,
for example, [25], [26], [27], [28], [29], [30] and references therein).
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2.2. Ground state calculations
We neglect membrane shape fluctuations due to thermal noise. We consider closed membrane
shapes which are in the energy ground state and axisymmetric. To theoretically describe such
shapes, we need to define the contour of the vesicle cross-section. Let the shapes be symmetric
about the z-axis. The curve that defines the contour of the vesicle cross-section is rotated around
the z-axis by 2pi, which defines the surface of the vesicle. To describe the vesicle contour in the
r-z plane, we introduce the arc length of contour s and angle, θ(s), between the tangent to the
contour and the plane perpendicular to the rotation axis z. If θ(s) is known, the vesicle contour
can be calculated by the following parametric equations:
z(s) =
∫ s
0
sin θ(s′) ds′, (3)
r(s) =
∫ s
0
cos θ(s′) ds′, (4)
where r(s) and z(s) are the coordinates of vesicle contour in r-z plane. We can express the
function θ(s) in form of the Fourier series [31]:
θ(s) =
θ0
Ls
s+
N∑
n=1
an sin
(
npi
Ls
s
)
, (5)
where Ls is the contour length, N is the number of Fourier modes and an are the Fourier
amplitudes, which are calculated by minimizing the bending energy Ftot. If we want to restrict
our calculations to the closed membrane shapes, we have to apply the following boundary
conditions: θ(0) = 0, θ(Ls) = pi, r(0) = r(Ls) = 0, which means that θ0 = pi in Eq. (5). The
bending energy Ftot is basically the function of Fourier amplitudes an and the contour length
Ls, therefore we need perform the numerical minimization of the function of many variables in
order to calculate the equilibrium vesicle shapes [31, 32, 33]. In the minimization process, the
constraints on the surface area and the volume of the vesicle have to be taken into account in
order to ensure fixed value of the reduced volume v. The reduced volume v is defined as a ratio
of the vesicle volume to the volume of the sphere with the same surface area.
2.3. Nematic shells
We have studied nematic ordering on the vesicles, which we calculated within the spontaneous
curvature model as described above. We use the minimal model of in-plane ordering within
vesicle membranes, which was developed to study nematic shells [11, 34]. Molecules are bound
to lie in the local tangent plane of the surface. To describe the orientational ordering of molecules,
we define the surface order tensor Q. We introduce a local orthonormal basis (e1, e2) in which
Q is defined as [13, 35]:
Q = q0(e1 ⊗ e1 − e2 ⊗ e2) + qm(e1 ⊗ e2 + e2 ⊗ e1),
where q0 and qm are scalar functions. In a diagonal form, tensor Q can be written as:
Q = λ(n⊗ n− n⊥ ⊗ n⊥),
where λ and −λ are eigenvalues of eigenvectors n and n⊥. Value λ is a measure for the
orientational order with values in the interval λ ∈ [0, 1/2]. Value λ = 0 corresponds to the
isotropic state with no orientational order at all, while the value λ = 1/2 corresponds to the
maximal degree of the orientational order. Topological defects are points with no orientational
order, therefore they usually occur where λ = 0. The basic characteristic property of the
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topological defect is its topological charge [36, 35], defined as the winding number of the vector
field of molecules on the tangent plane at the defect [13]. Topological charge has positive value
for topological defects and negative value for topological antidefects. The theorem of Poincare´
[37] states that the net topological charge is determined by a surface topology and is equal to 2
for a sphere and all surfaces obtained by smoothly deforming a sphere.
The direction of molecules and the orientational order at any given point on a vesicle can be
calculated from the values of q0 and qm. We minimize the free energy in order to calculate the
nematic ordering. In the simplest form, the dimensionless free energy density is [35]:
f˜ =
(
R
ξ0
)2(
t TrQ˜2 +
1
4
(
TrQ˜2
)2)
+
1
2
∣∣∣∇˜sQ˜∣∣∣2 , (6)
where R is a characteristic length of the vesicle membrane and ξ0 a nematic coherence length,
which is the shortest length in the system, typically in the nanoscopic range. An ordered
phase occurs below critical temperature, when t is negative. Operator ∇˜s represents the surface
gradient. In order to get the dimensionless expression for the energy density, we have scaled
tensor Q and all the distances, which is why we used the tilde notation.
By integrating Eq. (6) over the whole surface of a vesicle membrane the total free energy is
obtained and Monte Carlo method is used to minimize the total free energy. Values of q˜0 and q˜m
are randomly changed at random locations on the vesicle surface, until we reach the equilibrium
configuration. The tilde notation denotes the scaled q0 and qm in the dimensionless expression
for energy (Eq. (6)).
2.4. Thermal equilibrium calculations
To go beyond the ground state and model systems in the thermodynamic equilibrium, one needs
to consider also thermal noise. Biological systems are often “soft enough” that thermal energy
can induce important configuration changes of the system. As already mentioned in Sec. 1, lipid
bilayers are, due to their low resistance to bending, subject to thermal shape fluctuations. In
this section we describe the Monte Carlo simulations that take thermal fluctuations into account.
The fluid vesicle is represented by a set of N vertices that are linked by tethers (i.e. bonds)
of variable length l in order to form a closed, randomly triangulated, self-avoiding network
[38, 39]. The lengths of the tethers can vary between a minimal value, lmin, and a maximal
value, lmax. The self-avoidance of the network is implemented by ensuring that no vertex can
penetrate through the triangular network and that no bond can cut through another bond. In
our simulations we assume lmax/lmin = 1.7.
The randomly triangulated network acquires its lateral fluidity from a bond flip mechanism
[38, 39]. A single bond flip involves the four vertices of two neighboring triangles. The tether
connecting the two vertices in a diagonal direction is cut and reestablished between the other
two, previously unconnected, vertices.
The microstates of the vesicle are sampled according to the Metropolis algorithm, with the
energy for a given microstate
E = Ftot −∆p V, (7)
where the first contribution is the elastic bending energy of the vesicle (Eq. (2)) and the second
contribution accounts for the energy change with the change of the volume of the vesicle, V ,
due to the pressure difference, ∆p, inside and outside of the vesicle. Our vesicle consists of a
symmetric membrane (including the absence of a mismatch between the lateral areas of the two
individual membrane leaflets), therefore we do not need to include the spontaneous curvature
(C0 = 0). Vesicle also does not change it’s topology, which means that the Gaussian bending
contribution (last term on the right-hand side of Eq. (1) integrated over the vesicle surface) is
constant and therefore not taken into account in our calculations. The bending energy Ftot of
18th International School on Condensed Matter Physics IOP Publishing
Journal of Physics: Conference Series 558 (2014) 012010 doi:10.1088/1742-6596/558/1/012010
4
0 1×107 2×107 3×107 4×107
0.0
0.2
0.4
0.6
0.8
1.0
MC time /mcs
v
Figure 1. Monte Carlo evolution of the closed membrane vesicle from an initial quasi-spherical
state towards an equilibrium stomatocyte state. The pressure difference is ∆p = −0.075. The
relative volume of the vesicle is presented as a function of the Monte-Carlo time (measured in
mcs). The average relative volume in the equilibrium stomatocyte state is ⟨v⟩ = 0.181± 0.007,
while in the metastable oblate discocyte state ⟨v⟩ = 0.50±0.02. Above the curve, three snapshots
of the vesicle are shown: the inital quazi-sphere, the discocyte and the stomatocyte. Below
the curve, two snapshots of the vesicle are shown: the left configuration occurred during the
transition from the quasi-sphere towards the metastable discocyte and the right configuration
occurred during transition from the discocyte towards the equilibirum stomatocyte state.
the discretized vesicle (i.e., of the triangulated network) is calculated as described by Gompper
and Kroll [39, 38]; for a recent review, see [40].
The evolution of the system is measured in Monte Carlo sweeps (mcs). One mcs consists of
individual attempts to displace each of the N vertices by a random increment in the sphere with
radius δ, centered at the vertex, followed by RbN attempts to flip a randomly chosen bond. We
denote Rb as the bond-flip ratio, which defines how many attempts to flip a bond are made per
one attempt to move a vertex in one mcs. Note that the bond-flip ratio is connected to the lateral
diffusion coefficient within the membrane, i.e. to the membrane viscosity [41, 42]. Diffusion also
introduces a real time scale in the simulations and allows simulation of the dynamics of the
modelled system (not considered in this work). In our simulations we have chosen Rb = 3 and
δ/lmin = 0.15.
In our simulations the vesicle consists of N = 1447 vertices, which are connected with
3(N − 2) = 4335 bonds to form Nt = 2(N − 2) = 2890 triangles. The spherical vesicle has
therefore a radius of approx. 13. During simulations the coordination number for each vertex
(i.e. the number of nearest neighbors, Z) is allowed to vary between 4 and 8. For the bending
stiffness of the vesicle we use κ = 10 kBT , where kB is the Boltzmann constant and T the
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Figure 2. The calculated vector field in the membrane and contour plot of λ/λc ratio, where
condensation value λc stands for the highest possible value of λ at given t < 0 (left panel).
Configuration was calculated for R/ξ0 = 20 and t = −0.03. The right panel shows the oblate
vesicle shape with the reduced volume v = 0.60, calculated within the spontaneous curvature
model for C0 = 0. In the left panel topological defects with topological charge 1/2 are encircled
with black lines. The right panel shows approximate positions of topological defects, which are
represented by the black and grey dots.
absolute energy. In the following we use lmin as the unit length and kBT as the unit of energy.
3. Results and Discussion
The result of minimizing the bending energy Ftot, as defined in Section 2, yield ground state
configurations of stomatocytic, oblate and prolate shapes, each of them being the equilibrium
shapes in some range of the reduced volume v, as reported in [19]. Similar results were obtained
in [43, 44]. In [19] we also compared minimal energy shapes (as described in Sec. 2.2) and
thermal equilibrium shapes 2.4. The method described in Sec. 2.2 allows us to set the value for
the reduced volume v, so that we are able to calculate the whole spectrum of shapes for different
reduced volumes. In Monte Carlo simulations we have changed the parameter ∆p (inside/outside
pressure difference). Once we have obtained the equilibrium state for the given ∆p, we were also
able to calculate the average reduced volume ⟨v⟩ for that state, in order to compare thermal
equilibrium and ground state calculations. Thermal equilibrium states obtained by Monte Carlo
simulations correspond well to the ground state shapes calculated by the minimization of the
bending energy.
Ground state oblate shapes are possible only in a small region of the values of the reduced
volume v. By using Monte Carlo simulations we were not able to obtain the equilibrium but
only “transient” oblate shapes. Figure 1 shows the Monte Carlo evolution of the vesicle from
an initial quasi-spherical towards an equilibrium stomatocyte state. As can be seen, the vesicle
spends a relatively long “time” in a metastable oblate discocyte state before it reaches the
equilibrium state.
We calculated the nematic ordering of the oblate vesicle membrane with the reduced volume
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Figure 3. The calculated vector field in the membrane and contour plot of λ/λc ratio, where
condensation value λc stands for the highest possible value of λ at given t < 0 (left panel).
Configuration was calculated for R/ξ0 = 40 and t = −0.03. The right panel shows stomatocyte
vesicle shape with the reduced volume v = 0.50, calculated within the spontaneous curvature
model for C0 = 0. In the left panel topological defects with topological charge 1/2 are encircled
with black lines, while antidefects with topological charge −1/2 are encircled with black dashed
lines. The right panel shows approximate positions of topological defects and antidefects. The
black and grey dots represent topological defects, while the red dots represent antidefects.
v = 0.60, which was calculated within the spontaneous curvature model. In figure 2 the
topological defects are points where λ = 0 (dark red color). The equilibrium configuration
has four topological defects, each with charge 1/2, which satisfies the Poincare´ theorem [37].
Topological defects occur in the region of the vesicle with the highest positive Gaussian curvature.
Regions of the vesicle exhibiting lower Gaussian curvature have a higher degree of orientational
order (yellow color). The equilibrium configuration and the positions of topological defects are
thus strongly curvature driven as previously described in [13, 16].
The nematic ordering in the membrane of the stomatocyte vesicle (figure 3) is more complex,
because some of the membrane regions exhibit negative Gaussian curvature, which is favorable
for topological antidefects. In the membrane regions with a negative Gaussian curvature two
antidefects occur, each with topological charge −1/2. The stomatocyte is composed of two
approximately spherical surfaces and the neck which connects them. Both spherical surfaces
have a positive Gaussian curvature, while the neck region has a negative Gaussian curvature.
The positive Gaussian curvature is favorable for topological defects. To this end, we can observe
three topological defects on each spherical surface, each with charge 1/2. If we sum up all
topological charges on the membrane of the stomatocyte vesicle, we get the net topological
charge 2, which satisfies the theorem of Poincare´ [37]. In figure 3, we observe that the “outer”
surface of the stomatocyte has a higher degree of orientational order than the “inner” surface.
That happens because the “inner” surface is more curved. Membrane regions with a higher
absolute value of the Gaussian curvature always have a lower degree of orientational order.
Regions of a vesicle membrane with small absolute values of Gaussian curvature have a higher
degree of orientational order. Defects and antidefects are membrane points with a very low
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degree of order, so it is not energetically favorable for them to be located in these places. As we
can observe in figure 2 and figure 3, defects and antidefects always appeared in the membrane
regions with high absolute values of the Gaussian curvature.
4. Conclusions
Closed biological membranes (vesicles) were considered within the spontaneous curvature model.
The membrane bending energy minimization was performed to obtain ground state (zero
temperature) vesicle shapes, while the Monte Carlo simulations of randomly triangulated
surfaces were used to obtain membrane configurations in the thermal equilibrium (non-zero
temperature). The obtained configurations, using the two approaches, correspond well with each
other. In Monte Carlo simulations we did not fix the volume of the vesicle, as in the ground state
calculations. Instead of that we imposed pressure difference between both membrane sides to
generate vesicles with different average volumes. The vesicle had spent a relatively long “time”
in the metastable oblate/discocyte state, but it later reached the equilibrium stomatocyte state,
since the thermal fluctuations overcame the energy barrier. The backward transition was not
observed, indicating that the stomatocyte state, if obtained, has a lower mean energy than the
metastable oblate state.
The nematic ordering in oblate and stomatocyte vesicle membranes was also studied. In
both cases it was confirmed that the net topological charge on surfaces with the topology of a
sphere is equal 2. On an oblate vesicle, we calculated the equilibrium configuration with four
topological defects, each with charge 1/2, assembled in a region exhibiting highest Gaussian
curvature. On a stomatocyte vesicle we observed six topological defects (each with charge 1/2)
and two topological antidefects (each with charge −1/2). The latter assembled in the region with
negative Gaussian curvature. The position of topological defects is strongly curvature dependent
and can be controlled by changing the vesicle curvature.
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We studied biological membranes of spherical topology within the framework of the spontaneous curvature model. Both Monte
Carlo simulations and the numerical minimization of the curvature energy were used to obtain the shapes of the vesicles. The
shapes of the vesicles and their energy were calculated for different values of the reduced volume. The vesicles which exhibit in-
plane ordering were also studied. Minimal models have been developed in order to study the orientational ordering in colloids
coated with a thin sheet of nematic liquid crystal (nematic shells). The topological defects are always present on the surfaces with
the topology of a sphere. The location of the topological defects depends strongly on the curvature of the surface. We studied the
nematic ordering and the formation of topological defects on vesicles obtained by the minimization of the spontaneous curvature
energy.
1. Introduction
Human red blood cells are one of themost intriguing systems
in nature.The shapes of the red blood cells have been studied
by many theoretical methods. The spontaneous curvature
model, developed by Deuling and Helfrich [1], described
the stomatocyte and discocyte shapes of the red blood cells
for the first time. The shapes were calculated by solving
the Euler-Lagrange equations numerically. The results of the
theoretical calculations were in a very good agreement with
experimental observations.
The biological membrane forms a wall, which surrounds
the cell and intercellular organelles [2]. It takes part in trans-
port of nutrients, encapsulation of larger particles or viruses
[3, 4], cell-to-cell communication, waste control, and many
other biological processes. It is a complex system composed
of lipids, carbohydrates, proteins, and many other biolog-
ically active components [5]. Lipids which form a bilayer
[6] are the main building blocks of biological membranes.
The membrane shape changes due to the thermal motion of
the molecules which form the bilayer [7]. The thickness of
the lipid bilayer is of the order of 3–5 nm. The size of the
vesicles formed by the bilayer is of the order of hundreds of
micrometres. Therefore, it is fully justified to use the elastic
continuum approach in the theoretical description of the
membrane surface.
The vesicles which exhibit in-plane ordering are of par-
ticular interest. An example of such a vesicle is a colloidal
particle coated with a thin sheet of nematic liquid crystal,
called nematic shell [8, 9]. For such systems, minimal models
were developed, which capture the main phenomena related
to their orientational order. Liquid crystal molecules are
oriented within the tangent plane of the shell. On nematic
shells with the topology of a sphere, topological defects are
always present [10]. At the origin of topological defects,
orientational order is melted. The location of topological
defects is strongly curvature dependent [9, 11–14]. On a
spherical surface, the equilibrium configuration typically has
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four topological defects located in vertices of a tetrahedron in
order tomaximize theirmutual separation, whichwas proved
by theoretical calculations [15] and confirmed experimentally
[16].
The paper is organized as follows. In Section 2, we intro-
duce the theoretical models and briefly discuss the numerical
procedures used to calculate the equilibrium vesicle shapes
and the nematic ordering on those vesicles. In Section 3,
we present the results of the numerical calculations. The
vesicles calculated by two different methods are compared.
The shapes of the vesicles obtained in the framework of
the spontaneous curvature model are used to calculate the
nematic ordering on a vesicle.The summary and conclusions
are presented in Section 4.
2. Models and Methods
The vesicle shapes have been studied within the framework
of Helfrich spontaneous curvature model [17]. We have used
both Monte Carlo simulations and numerical functional
minimization procedures to calculate the shapes of the
vesicles. The results obtained in both methods are compared
in the following section.The nematic ordering on vesicles has
been studied within the two-dimensional Landau-de Gennes
tensorial formalism.The equilibrium textureswere calculated
in Monte Carlo simulations.
Many models were formulated in order to study the
shape transformations of biological membranes. The model
developed by Helfrich [17] is one of the most often used and
the most successful. In this model, the lipid bilayer forms
a homogeneous two-dimensional fluid. It is approximated
by a mathematical surface and the energy of the membrane
depends on themean andGaussian curvatures of that surface.
The local bending energy density of the membrane can be
written as [1, 17–20]
𝑓𝑏 =
𝜅
2
(𝐶1 + 𝐶2 − 𝐶0)
2
+ 𝜅𝐶1𝐶2, (1)
where 𝜅 and 𝜅 are bending constants, 𝐶1 and 𝐶2 are principal
curvatures of a vesicle surface, and 𝐶0 is the spontaneous
curvature. Equation (1) is a limiting case of a more general
model for bending energy, which also includes different
membrane components andwas described in [21, 22]. Overall
bending energy 𝐹tot is calculated by integrating (1) over the
entire surface of a vesicle:
𝐹tot = ∫
𝑆
𝑓𝑏𝑑𝑆, (2)
where 𝑑𝑆 is an infinitesimal element of the vesicle area 𝑆. The
Gauss-Bonnet theorem states that the last term on the right-
hand side of (1), integrated over the entire surface of a vesicle,
is constant for closed surfaces of fixed topology. That term
only contributes a constant to the bending energy and is not
taken into account in our calculations, because our surface
has a fixed topology. The bending elasticity modulus 𝜅 was
experimentally measured in [23] (see also [24] and references
therein). Similar models were proposed by Canham [25] and
Evans [18].
z
𝜑
s = Ls
𝜃(s)
r(s)
z(s)
r
s = 0
Figure 1: Vesicle profile representation on 𝑟-𝑧 plane.
2.1. Minimization Procedure. We assumed that the vesicle
surface is the surface of revolution, with rotational symmetry
about the 𝑧-axis. To describe such vesicles, we only need to
define a vesicle profile on a plane (Figure 1). The curve that
defines the vesicle profile is then rotated around the 𝑧-axis
by an angle 𝜑 = 2𝜋. The surface of the vesicle is constructed
in this manner. To describe the vesicle profile on the 𝑟 − 𝑧
plane, we introduce the arc length 𝑠 of the profile curve and an
angle 𝜃(𝑠). 𝜃(𝑠) is the angle of the tangent to the profile curve
with the plane that is perpendicular to the axis of rotation 𝑧
(Figure 1). If the function 𝜃(𝑠) is known, the vesicle profile can
be calculated by the following parametric equations:
𝑧 (𝑠) = ∫
𝑠
0
sin 𝜃 (𝑠󸀠) 𝑑𝑠󸀠,
𝑟 (𝑠) = ∫
𝑠
0
cos 𝜃 (𝑠󸀠) 𝑑𝑠󸀠,
(3)
where 𝑟(𝑠) and 𝑧(𝑠) are the coordinates of the vesicle profile
in the 𝑟 − 𝑧 plane. We can expand the function 𝜃(𝑠) in the
Fourier series [26]:
𝜃 (𝑠) =
𝜃0
𝐿 𝑠
𝑠 +
𝑁
∑
𝑛=1
𝑎𝑛 sin(
𝑛𝜋
𝐿 𝑠
𝑠) , (4)
where 𝐿 𝑠 is the profile length, 𝑁 is the number of Fourier
modes, and 𝑎𝑛 are the Fourier amplitudes, which are calcu-
lated when the bending energy 𝐹tot is minimized. For closed
shapes, we apply the following boundary conditions: 𝜃(0) = 0,
𝜃(𝐿 𝑠) = 𝜋, and 𝑟(0) = 𝑟(𝐿 𝑠) = 0, which means that 𝜃0 =
𝜋 in (4). The bending energy 𝐹tot is a function of Fourier
amplitudes 𝑎𝑛 and the profile length 𝐿 𝑠; therefore we need
to do the numerical minimization of the function of many
variables in order to calculate vesicle shapes [26–28]. In the
minimization process, constraints on the surface area and the
volume of the vesicle are imposed in order to set a fixed value
of the reduced volume V. The reduced volume V is defined as
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the ratio of the vesicle volume to the volume of the sphere
with the same surface area as a given vesicle.
2.2. Monte Carlo Simulations. The fluid vesicle is represented
by a set of 𝑁 vertices that are linked by tethers (i.e.,
bonds) of variable length 𝑙 so as to form a closed, randomly
triangulated, self-avoiding surface [29, 30]. The lengths of
the tethers can vary between a minimal value, 𝑙min, and
a maximal value, 𝑙max. The self-avoidance of the surface
is implemented by ensuring that no vertex can penetrate
through the triangulated surface and that no bond can cut
through another bond. In our simulations, we use 𝑙max/𝑙min =
1.7.
The randomly triangulated network acquires its lateral
fluidity from a bond flip mechanism [29, 30]. A single bond
flip involves the four vertices of two neighbouring triangles.
The tether connecting the two vertices in a diagonal direction
is cut and reestablished between the other two, previously
unconnected, vertices.
The microstates of the vesicle are sampled according to
theMetropolis algorithm, with the energy for a givenmicros-
tate
𝐸 = 𝐹tot − Δ𝑝𝑉, (5)
where the first contribution is the elastic bending energy of
the vesicle (see (2)) and the second contribution accounts
for the energy change with the change of the volume of the
vesicle, 𝑉, due to the pressure difference, Δ𝑝, inside and
outside of the vesicle. Our vesicle consists of a symmetric
membrane (including the absence of amismatch between the
lateral areas of the two individual membrane leaflets), so we
do not need to include the spontaneous curvature (𝐶0 = 0).
The bending energy 𝐹tot of the discretized vesicle (i.e., of the
triangulated network) is calculated as described by Gompper
and Kroll [29, 30]; for a recent review, see [31].
The evolution of the system is reported in Monte Carlo
sweeps (mcs). One mcs consists of individual attempts to
displace each of the 𝑁 vertices by a random increment
in the sphere with the radius 𝛿, centered at the vertex,
followed by 𝑅𝑏𝑁 attempts to flip a randomly chosen bond.
We denote 𝑅𝑏 as the bond-flip ratio, which defines howmany
attempts to flip a bond are made per one attempt to move
a vertex in one mcs. Note that the bond-flip ratio is related
to the lateral diffusion coefficient within the membrane, that
is, to the membrane viscosity [32, 33]. The diffusion also
introduces a real time scale in the simulations and allows for
the simulation of the dynamics of the modelled system (not
considered in this work). In our simulations, we have chosen
𝑅𝑏 = 3 and 𝛿/𝑙min = 0.15.
The investigated vesicle consists of 𝑁 = 1447 vertices,
which are connected with 3(𝑁 − 2) = 4335 bonds to form
𝑁𝑡 = 2(𝑁 − 2) = 2890 triangles. The vesicle, if spherical,
has a radius of approximately 13. During simulations, the
coordination number for each vertex (i.e., the number of its
nearest neighbours,𝑍) is allowed to vary between 4 and 8. For
the bending stiffness of the vesicle, we use 𝜅 = 10𝑘𝐵𝑇, where
𝑘𝐵 is the Boltzmann constant and 𝑇 the absolute energy. In
the following, we use 𝑙min as the unit of length and 𝑘𝐵𝑇 as the
unit of energy.
2.3. Nematic Shells. We study the nematic ordering on
smooth, closed, axial-symmetric surfaces, which we have
calculated within the spontaneous curvature model. We use
theminimalmodel, developed to study nematic shells [8, 34],
which considers effects related to in-plane ordering within
vesicles. To describe the orientational ordering of molecules,
which are bound to lie on the local tangent plane on a surface,
we introduce the surface order tensor Q. On the surface, we
introduce a local orthonormal basis (e1, e2) in which we can
representQ as [11, 35]
Q = 𝑞0 (e1 ⊗ e1 − e2 ⊗ e2) + 𝑞𝑚 (e1 ⊗ e2 + e2 ⊗ e1) , (6)
where 𝑞0 and 𝑞𝑚 are scalar functions in the chosen coordinate
system. The tensorQ can also be written in a diagonal form:
Q = 𝜆 (n ⊗ n − n⊥ ⊗ n⊥) , (7)
where 𝜆 and −𝜆 are eigenvalues of eigenvectors n and n⊥.
Value 𝜆 is a measure for the orientational order and is bound
to lie on an interval 𝜆 ∈ [0, 1/2]. The value 𝜆 = 1/2
corresponds to the maximal degree of orientational order,
while the value𝜆 = 0 corresponds to an isotropic statewith no
orientational order at all. The points on the vesicle exhibiting
𝜆 = 0 usually fingerprint topological defects, since at the
core of topological defects the nematic director is not defined.
The key characteristic property of a topological defect is its
topological charge [35, 36]. According to the theorem of
Poincare´ [37], the net topological charge is determined by a
surface topology and it equals 2 for a sphere and all surfaces
obtained by smoothly deforming a sphere, which are also the
surfaces of our interest.
If we know the values of 𝑞0 and 𝑞𝑚 at a given point, we
can calculate the direction of molecules and the orientational
order at that point. The orientational ordering is calculated
with the minimization of free energy. In the simplest form,
the dimensionless free energy density is [35]
𝑓 = (
𝑅
𝜉0
)
2
(𝑡Tr Q̃2 + 1
4
(Tr Q̃2)
2
) +
1
2
󵄨󵄨󵄨󵄨󵄨∇̃𝑠Q̃
󵄨󵄨󵄨󵄨󵄨
2
, (8)
where 𝑅 is the characteristic length of a vesicle and 𝜉0 the
nematic coherence length which is the shortest length in
the system, typically in the nanoscopic range. An ordered
phase can occur when the reduced temperature 𝑡 is negative,
which means that the system is below critical temperature.
The operator ∇̃𝑠 represents the surface gradient. The tilde
notation is used because we have scaled the tensor Q and all
the distances in order to get a dimensionless expression.
Vesicles of any shape can be coated with a thin layer
of nematic liquid crystal to get the previously described
nematic shells. In order to calculate the total free energy, we
integrate (8) over the whole surface of a vesicle. We use the
Monte Carlo method to minimize the free energy. We are
randomly changing values of 𝑞0 and 𝑞𝑚 at random points on
the surface, until we reach the equilibrium configuration.The
tilde notation is used, because we scaled 𝑞0 and 𝑞𝑚 in order
to get a dimensionless expression for energy (see (8)).
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Figure 2: Bending energy of closed vesicles in units 𝐹 = 𝐹tot/(8𝜋𝜅)
as a function of reduced volume V. Shapes were calculated within the
spontaneous curvature model for 𝐶
0
= 0.
3. Results and Discussion
Theresult ofminimizing the bending energy𝐹tot, given by (2),
is presented in Figure 2.Three classes of vesicle shapes in their
ground states (i.e., in states with the minimal 𝐹tot) are shown
along with their energies for different values of the reduced
volume V. We have obtained stomatocyte, oblate, and prolate
shapes, each of them being the equilibrium shapes on some
range of the reduced volume. Similar results were obtained in
[38, 39].
In Figure 3, we compare the shapes obtained with two
different methods described in Sections 2.1 and 2.2. The
method described in Section 2.1 allows us to set the value for
the reduced volume V, so we are able to calculate the whole
spectrum of shapes for different reduced volumes as shown
in Figure 2. In Monte Carlo simulations, we are changing
the parameter Δ𝑝. Once we obtain the equilibrium state
for a given Δ𝑝, we can also calculate the average reduced
volume ⟨V⟩ for that state in order to compare the thermal
equilibrium and ground state calculations. As can be seen in
Figure 3, the thermal equilibrium states obtained by Monte
Carlo simulations are in good agreement with the ground
state shapes calculated with the minimization of the bending
energy.
We can see in Figure 2 that the ground state oblate shapes
exist only in a small region of the values for V.The fluctuations
which are taken into account in Monte Carlo simulations
alter the phase diagram presented in Figure 2. The regions
of stability of different shapes are changed. For the values
of parameters investigated in the Monte Carlo simulations,
we did not observe stable oblate shapes. We cannot exclude
the possibility that the stable oblate shapes can be obtained
in Monte Carlo simulations, but we can speculate that the
region of stability of oblate vesicles is small. The Monte
Carlo evolution of the vesicle from an initial quasispherical
state towards an equilibrium stomatocyte state is shown in
Figure 4. As can be seen, the vesicle spends a relatively long
“time” in a metastable oblate discocyte state before it reaches
the equilibrium state.
Near the boundary between prolate and stomatocyte
equilibrium states, calculated with the Monte Carlo method,
the fluctuations of the vesicle increase (as can be seen in
the increased standard deviation of the reduced volume).
Due to thermal fluctuations (i.e., the stochastic nature of the
Monte Carlo method), the boundary between the prolate
and stomatocyte vesicles cannot be determined with a high
accuracy. For example, in Figure 3, the equilibrium state for
Δ𝑝 = −0.073 is a prolate shape, while we can obtain stom-
atocyte equilibrium states already forΔ𝑝 = −0.071 (Figure 4).
We have investigated the equilibrium configuration of the
nematic liquid crystal on a prolate vesicle with the reduced
volume V = 0.70, which was calculated in the spontaneous
curvature model. The nematic ordering on a vesicle is shown
in Figure 5.The topological defects are the points where 𝜆 = 0
(dark red color). We have observed four topological defects,
each with the charge 1/2, which means that the theorem of
Poincare´ [37] is satisfied. We can see that the topological
defects occur in the regions of the shell with the highest
curvature. Their position is strongly curvature driven, as
previously described in [11, 14]. The regions of the vesicle
with lower curvature have a higher degree of orientational
order; therefore it is not energetically favourable for the
defects to occur in those places. We can find many complex
configurations of topological defects on different vesicles.
4. Conclusions
We have studied the vesicles of spherical topology within
the framework of the spontaneous curvature model. The
shapes of the vesicles were calculated both by Monte Carlo
simulations and by the minimization of the curvature energy
functional. The vesicles shapes calculated by both methods
are in very good agreement. In Monte Carlo simulations, the
calculations were performed for a fixed value of the pressure
difference. Therefore, we were not able to obtain the vesicles
of the given reduced volume, V, with sufficient precision.
We were able to obtain only metastable oblate shapes. We
observed in the simulations that a vesicle spent a relatively
long time in ametastable oblate state before it reached a stable
stomatocyte state. The minimization of the curvature energy
indicates that the oblate shapes are stable in a very narrow
range of the reduced volume. It may be possible that the
region of stability of the oblate shapes has changed due to the
fluctuations or even that the oblate shapes have become only
metastable.
The nematic ordering on a prolate vesicle was also stud-
ied.The shape of the vesicle was calculated in the spontaneous
curvature model. The net topological charge on the surfaces
with the topology of a sphere equals 2. The equilibrium
configurationswith four topological defects, eachwith charge
1/2, were also calculated. We were able to control the
positions of the topological defects on a vesicle by changing
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Figure 3: First row: snapshots of equilibrium configurations obtained by Monte Carlo simulations as described in Section 2.2. Second row:
ground state shapes calculated with the minimization process as described in Section 2. Pressure differences are in units 𝑘
𝐵
𝑇/𝑙3min. All the
shapes were calculated for 𝐶0 = 0. Parameters for first row pictures are as follows: (a) Δ𝑝 = −0.01 (with ⟨V⟩ = 0.949 ± 0.008), (b) Δ𝑝 = −0.05
(with ⟨V⟩ = 0.769 ± 0.003), (c) Δ𝑝 = −0.073 (with ⟨V⟩ = 0.66 ± 0.01), and (d) Δ𝑝 = −0.1 (with ⟨V⟩ = 0.172 ± 0.006). Shapes in the second row
were calculated for the following reduced volumes: (a) V = 0.95, (b) V = 0.77, (c) V = 0.66, and (d) V = 0.17.
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Figure 4: Monte Carlo evolution of the vesicle with pressure difference Δ𝑝 = −0.071 from an initial quasispherical state towards an
equilibrium stomatocyte state. The reduced volume of the vesicle is shown as a function of the Monte Carlo time (measured in mcs). The
average reduced volume in the equilibrium stomatocyte state is ⟨V⟩ = 0.185 ± 0.007, while in the metastable oblate discocyte state it is
⟨V⟩ = 0.50 ± 0.02. The snapshots of the initial quasispherical, discocyte, and stomatocyte states are shown for the appropriate values of the
reduced volume.
the curvature of the vesicle. The tendency of the topological
defects to accumulate in the regions of high curvature may
be important for fission processes [40]. The vesicles with
the nonzero spontaneous curvature have very often the
shapes composed of beads connected by small necks. The
accumulation of the topological defects in those necks may
lead to breaking the necks and dividing a large vesicle into a
few smaller vesicles.
In the future research, one could calculate the nematic
ordering on oblate and stomatocyte vesicles. It would be
possible to use theMonte Carlo simulations in order to calcu-
late the vesicle shapes for different value of the spontaneous
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Figure 5: Vector field of molecules and contour plot of 𝜆/𝜆𝑐 ratio, where the condensation value 𝜆𝑐 stands for the highest possible value of
𝜆 at given 𝑡 < 0 reduced temperature. The calculations were performed for 𝑅/𝜉0 = 40 and 𝑡 = −0.03. The vesicle shape is prolate with the
reduced volume V = 0.70, calculated in the spontaneous curvature model for 𝐶0 = 0. A schematic representation of the vector field and the
contour plot on a vesicle is on the right side.
curvature𝐶0 and compare them to the shapes calculated with
theminimization procedure.Thenematic ordering could also
be studied on those vesicles. It would be instructive to see
whether on any of those vesicles pairs of defects with opposite
topological charges could be generated.
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Abstract
This work presents the theoretical basis for Monte Carlo simulations of thermally fluc-
tuating lipid bilayers. The purpose of such simulations is to obtain additional insight into
the mechanical processes involved in thermal fluctuations of lipid bilayers and to test
and limit some of the assumptions used in established theoretical models employed in
measurements of the elastic properties of lipid membranes. The two-dimensional and
three-dimensional models are explained and discussed. A dynamically triangulated sur-
face model of the membrane is adapted to the thermally fluctuating vesicle with con-
stant volume and local membrane stretching. The microstates of the vesicle are
sampled according to the Metropolis algorithm, where fluctuations that conserve
the volume of the vesicle are produced, while the energy of any given microstate of
the vesicle consists of the bending and stretching energies of the vesicle. The vesicle
shape is then approximated by a set of spherical harmonics. The results of the spectral
analysis of thermally fluctuating vesicles in our simulations open questions that are dis-
cussed in the concluding section.
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1. INTRODUCTION
Biological cells are the building blocks of life as we know it on Earth.
They have diverse capabilities and shapes, though the basic structural ele-
ments and chemical composition of most cells are the same [1,2]. Cell mem-
branes enclose the cell and its compartments, while networks of filaments, if
present, maintain the cell’s shape and help to organize its contents. These
structural elements of the cell can have quite different mechanical properties
from macroscopic objects familiar in everyday life. For example, lipid bila-
yers, the basic matrix of the biological membrane, show very small resistance
to bending, so that even thermal fluctuations at room temperature can gen-
erate gentle undulations of the membrane.
“Flickering” of red blood cells was in fact recorded already in the late
nineteenth century by Browicz [3] using the light microscope. Today, with
phase contrast microscopy, spectral analysis of these thermal fluctuations
of biological membranes can provide useful information on their
properties [4–7]. Using the Monte Carlo approach, we can simulate biolog-
ical membrane systems in thermodynamic equilibrium, where the stochastic
Metropolis–Hastings algorithm [8] allows us to sample their thermal fluctua-
tions. Many studies employed the above idea; for example, Do¨bereiner
et al. [9] combined advanced flicker spectroscopy measurements of fluid
membranes together with dynamically triangulated surface simulations
[10–12] and from single measurements of the two-dimensional (2D) equa-
torial contour fluctuations obtained the two parameters, namely the bending
stiffness and spontaneous curvature of the membrane; Hale et al. [13] per-
formed coarse-grained molecular dynamics simulations of red blood cells
and combined them with the observed thermal fluctuations of its 2D equa-
torial contour; Watson et al. [14] used molecular simulations of membrane
patches approximately 10 times larger than the membrane thickness to
obtain the membrane bending stiffness and also the tilt and twist moduli
of lipid molecules in the membrane.
In this work, we present the theoretical basis for Monte Carlo simula-
tions of thermal fluctuations of lipid bilayers to pursue a somewhat different
goal. In contrast to the works mentioned above, we consider fluctuations of
the whole phospholipid vesicle membrane, and not only of its equatorial
contour cross-section as observed by a confocal microscope or a given patch
of the membrane. Our analysis should give additional insight into the
mechanical processes involved in the thermal fluctuations of lipid bilayers,
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and a possibility to check some of the assumptions used in theoretical models
of the thermal fluctuations of lipid membranes [4].
This work is a resume of several years of collaboration between the
authors’ institutions, and from the beginning was based also on the ideas
and work of the late Assoc. Prof. Dr. Marin Mitov, Head of the Laboratory
of liquid crystals. The authors dedicate this chapter to him and express their
sincere gratitude for all they learned and benefited from a colleague and friend.
2. THERMAL FLUCTUATIONS AND ELASTICITY IN TWO
DIMENSIONS
For the sake of simplicity and comparison, we first analyze thermal
fluctuations of phospholipid vesicles in two dimensions. For a lipid vesicle
in three dimensions, the well-known Helfrich bending energy [15] for a
membrane with zero spontaneous curvature (symmetric lipid bilayer) and
fixed topology (the contribution of the Gaussian curvature to the bending
energy does not depend on the fluctuations) is
W b¼ 1
2
kc
þ
A
C1þC2ð Þ2dA, ½12:1
where kc is the membrane bending stiffness,C1 andC2 are the principal cur-
vatures of the membrane, and the integral runs over the whole membrane
area A. To make a correspondence with a 2D treatment, imagine a lipid
membrane forming a cylinder, like a bilayer placed in a straight tube, long
enough that the end effects of the tube can be neglected. Then one principal
curvature is zero and dA¼hdl, where h is the cylinder’s height and dl is the
length element of the cross-section’s contour. We can define kc
(2D)¼hkc,
with kc
(2D) being the 2D analog of the bending stiffness of the membrane
with units of energy length. In this analogy, we also have to assume the
form of a cylinder for the thermal shape fluctuations. As the lipid bilayer fluc-
tuates, the deviations from a cylinder with a circular cross-section are inde-
pendent of the coordinate parallel to the cylindrical symmetry axis, or in
other words, shape undulations are the same over the whole length of the
tube. Another possible analogy is a closed linear polymer of almost circular
shape, enclosed in a thin planar film of liquid so that its out of plane fluctu-
ations are completely suppressed. The constant kc
(2D) is then kc
(2D)¼kBTx,
where kBT is the thermal energy and x is the polymer persistence length.
In the following 2D treatment, we omit the superscript (2D) in kc
(2D).
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Let us consider a nearly circular closed planar curve enclosing constant
area A¼pR02, whereR0 is the radius corresponding to a circle with the same
area A. In polar coordinates, the curve is described by the radial coordinate
R¼R(’, t), depending on the polar angle ’ and on time t. The bending
energy of the curve can then be written as
W b¼ 1
2
kc
þ
L tð Þ
C2dl¼ 1
2
kc
ð2p
0
C2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2þR02
p
d’, ½12:2
with curvature C¼C(’,t) and the contour length element
dl¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2þR02
p
d’ of the closed curve with total length L¼L(t). Note that
curvature C, radial coordinate R, and contour length in general all fluctuate
with time t. We use the prime symbol for denoting the operator of the first
partial derivative with respect to ’. Similarly, we use the double prime sym-
bol for denoting the second partial derivative with respect to ’. In polar
coordinates, the curvature C can then be written as
C¼R
2þ2R02RR00
R2þR02 3=2 : ½12:3
The constant kc in Eq. (12.2) has units of energy length and represents the
“two-dimensional” bending stiffness.
For the circle with radius R0, Eq. (12.2) yields the bending energy
W0¼ 1
2
kc
ð2p
0
1
R20
R0d’¼ pkc
R0
: ½12:4
Let us consider the relative deviations, r¼ r(’, t), from the circle with radius
R0,
R ’; tð Þ¼R0 1þ r ’; tð Þð Þ: ½12:5
Then, we can express the squared curvature, which we will need for calcu-
lating the bending energy (from Eq. 12.2) as
C2¼ 1þ2rþ r
2þ2r 02 1þ rð Þr 00 2
R20 1þ rð Þ2þ r 02
 3 : ½12:6
Nowwe assume that thermal fluctuation does not cause too much deviation
of the contour from a circular shape. More specifically, we assume the
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relative deviations from a circle and its first and second derivatives with
respect to ’ are small:
r ’; tð Þ 1, ½12:7
r 0 ’; tð Þ 1, ½12:8
r 00 ’; tð Þ 1: ½12:9
Therefore, we can expandC2 (fromEq. 12.6) up to the second order in r, r0, r00,
C2¼ 3r
2þ r 02þ r 00 1ð Þ2þ r 6r 00 2ð Þ
R20
: ½12:10
Also expanding the length element,
dl¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2þR02
p
d’¼R0 1þ rþ r
02
2
 !
d’, ½12:11
the bending energy from Eq. (12.2) becomes
W b¼ kc
2R0
ð2p
0
r2þ3
2
r 02þ r 00 þ1ð Þ2þ r 4r 00 1ð Þ
 
d’: ½12:12
Now we expand relative deviations from a sphere into the Fourier series:
r ’; tð Þ¼
Xnmax
n¼nmax
zn tð Þein’, ½12:13
where the cutoff nmaxR0/lmol is introduced, with lmol being some typical
intramolecular distance. For brevity, the limits are omitted in the summation
signs in the expressions below.
Note that the complex amplitudes have the property zn(t)¼zn*(t), assum-
ing relative deviations r(’,t) to be real values. Inserting the above expressions
into Eq. (12.12), and performing integration over the polar angle ’,
ð2p
0
rd’¼
X
n
zn
ð2p
0
ein’d’¼ 2pz0, ½12:14
ð2p
0
r2d’¼
X
n,m
znzm
ð2p
0
ei nþmð Þ’d’¼ 2p
X
n
znj j2, ½12:15
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ð2p
0
r 02d’¼
X
n,m
nznmzm
ð2p
0
ei nþmð Þ’d’¼ 2p
X
n
n2jznj2, ½12:16
ð2p
0
r 00d’¼
X
n
n2zn
ð2p
0
ein’d’¼ 0, ½12:17
ð2p
0
r 002d’¼
X
n,m
n2znm
2zm
ð2p
0
ei nþmð Þ’d’¼ 2p
X
n
n4jznj2, ½12:18
ð2p
0
rr 00d’¼
X
n,m
znm
2zm
ð2p
0
ei nþmð Þ’d’¼2p
X
n
n2jznj2, ½12:19
we obtain
DW b¼W bW0¼ pkc
R0
z0þ
X
n
n45
2
n2þ1
	 

jznj2
" #
: ½12:20
Note that W0¼pkc/R0 (see Eq. 12.4) is the bending energy of the circle
with radius R0.
The zero-mode amplitude z0 can be expressed using the area conserva-
tion A¼pR02. Taking into account
A¼
ð2p
0
R2
2
d’¼ pR20 1þ2z0þ
X
n
jznj2
" #
½12:21
we see
z0¼1
2
X
n
jznj2 ½12:22
and therefore the expression for the bending energy is
DW b tð Þ¼ pkc
R0
X
n 6¼0
n45
2
n2þ3
2
	 

jzn tð Þj2, ½12:23
where n in the summation runs over all nonzero integers from nmax to
nmax. The term |z0|
2 is not taken into account in the above summation,
as it is of the fourth order in the amplitudes zn, as seen from Eq. (12.22).
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The total elastic energy of our fluctuating closed contour is the sum of
the bending contribution (Eq. 12.23) and the stretching contribution. The
stretching energy can be represented as
W s tð Þ¼
þ
L tð Þ
1
2
l tð Þ½ 2
ks
dlr¼ 1
2
l tð Þ½ 2
ks
Lr, ½12:24
where ks is the “stretching modulus” (with units of energy length),
l tð Þ¼ ksL tð ÞLr
Lr
½12:25
is the tension, L ¼ L(t) is the contour length, and Lr is the tension-free
contour length (relaxed membrane). Let us note that tension l¼l(t) fluc-
tuates with time t but can be taken as constant over the contour (or vesicle
membrane in 3D) [16]. The reason why the integral in Eq. (12.24) runs over
the length element dlr(t) of the tension-free membrane (and not, say, dl(t))
lies in the fact that dlr(t) is proportional to the number of molecules in the
length dl(t) and what we calculate is the energy per molecule (or, in other
words, energy for the part of the membrane with a fixed number of
molecules in it).
Introducing the time mean tension as
lh i¼ ks Lh iLr
Lr
, ½12:26
and using the relation
l tð Þ lh i¼ ksL tð Þ Lh i
Lr
, ½12:27
we can rewrite the stretching energy from Eq. (12.24) as:
W s tð Þ¼ 1
2
ks
L tð ÞLr½ 2
Lr
¼ 1
2
ks
L tð Þ Lh iþ Lh iþLr½ 2
Lr
¼ lh i L tð Þ Lh i½ þLr lh i
2
2ks
þ1
2
l tð Þ lh i½  L tð Þ Lh i½ :
½12:28
337Thermal Fluctuations of Phospholipid Vesicles
Note that in the last line of the above expression, the second term is the
stretching energy of the contour with the average length hLi and is indepen-
dent of time. We can define
DW s tð Þ¼ lh i L tð ÞL0½ þ1
2
l tð Þ lh i½  L tð Þ Lh i½ þ const:, ½12:29
where the term const. does not depend on time and L0¼2pR0 is the contour
length of the circle with area A. We see that
L tð ÞL0¼
þ
L tð Þ
dlL0¼ pR0
X
n6¼0
n21 jzn tð Þj2 ½12:30
and that
L tð Þ Lh i¼ pR0
X
n 6¼0
n21  jzn tð Þj2 jzn tð Þj2   : ½12:31
Therefore, the second term in Eq. (12.29) is the product of the fluctuations of
themolecular (mean) field (namely, [l(t)hli], created by the squares |zn(t)|2
of the amplitudes of all modes available) and the fluctuations of the square
[|zn(t)|
2h|zn(t)|2i] of the amplitude of the mode under consideration.
The essential idea of the mean-field approximation is to disregard the
correlations of the molecular field with fluctuations of its conjugated quantity.
Therefore, the second term in Eq. (12.29) may be omitted and this gives us
DW tð Þ¼DW b tð ÞþDW s tð Þ
¼ pkc
R0
X
n6¼0
n45
2
n2þ3
2
þ n21 l
" #
jzn tð Þj2þ const: ½12:32
DW tð Þ¼ pkc
R0
X
n6¼0
n21  n2þl3
2
	 

jzn tð Þj2þ const:, ½12:33
where we introduced the dimensionless average tension l¼ lh iR20=kc.
Performing time averaging of the above result and taking into account
the equipartition theorem that each fluctuation mode on the average con-
tributes kBT/2 to the energy, we finally obtain the expression for the mean-
squared amplitudes:
jznj2
 ¼ kBT
2
R0
pkc
1
n21ð Þ lþn2 3
2
  : ½12:34
The mean-squared amplitudes for the modes n2 diverge for negative
values of the lateral tension; as expected (h|z2|2i diverges for l¼2:5).
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3. THERMAL FLUCTUATIONS AND ELASTICITY IN THREE
DIMENSIONS
Thermal fluctuations of phospholipid vesicles and droplet-phase
microemulsions in three dimensions have been extensively studied experi-
mentally and theoretically during the last 2 decades [4–7]. In the present
work, we also follow the procedure described in detail in Refs. [4,17,18].
The method is similar to the 2D case described in detail in Section 2.
We consider a nearly spherical vesicle. The volume of the vesicle remains
constant on the timescale of our considerations due to the fact that the
energy needed to compress the fluids inside the vesicle is much larger than
the energy needed to bend the bilayer. Milner and Safran [4] also assumed a
constant membrane area and implemented this approximately by adding a
Lagrange multiplier term to the bending energy of the membrane. Note
that an identical result can also be obtained by taking into account small
membrane area fluctuations (almost identically as explained in our previous
section for the 2D case—see Eqs. 12.24–12.33) in the mean-field approxi-
mation. In other words, the approach ofMilner and Safran implicitly assumes
that shape fluctuations and lateral membrane tension fluctuations are
uncorrelated.
We write the total elastic energy of the fluctuating membrane as
W ¼ 1
2
kc
þ
A
C1þC2ð Þ2dAþ
þ
A
1
2
s tð Þ½ 2
ks
dA: ½12:35
The first term in the above expression is the Helfrich bending energy [15]
for a membrane with zero spontaneous curvature and without the Gaussian
term (see the text around Eq. 12.1). The second term accounts for the energy
of membrane stretching due to its fluctuations, ks being the area stretching
modulus, and s(t) the lateral membrane tension. Note that s¼s(t) and
A¼A(t) can fluctuate.
We introduce a dimensionless function r(y, ’, t) by
R y;’; tð Þ¼R0 1þ r y;’; tð Þ½ , ½12:36
where R(y, ’, t) is the length of a radial vector R(R, y, ’) pointing to the
vesicle’s surface, as a function of spherical coordinates (y2 [0, p] and
’2 [0, 2p]) and R0 is the radius of a sphere with the same volume V as
the vesicle. Note that V does not fluctuate in our model. The function
r(y, ’, t) can be decomposed into a series with respect to spherical harmonics
Yl
m(y,’):
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r y;’; tð Þ¼
Xlmax
l¼0
Xl
m¼l
uml tð ÞYml y;’ð Þ: ½12:37
A cutoff lmaxR0/lmol is introduced in the summation, where lmol is some
typical intramolecular distance.
Inserting the above expansion into the total elastic energy of themembrane
(Eq. 12.35), assuming small deviations from a sphere (r(y,’, t)1), taking into
account the constant volume constraint and the mean-field approximation
(see an analogous derivation for the 2D case in Chapter 11), we can obtain
the relation for themean-squared amplitudes of spherical harmonics.The result
is identical to the one obtained byMilner and Safran [4], where themembrane
area is assumed tobe fixed (inourmodel it can fluctuate). For themean-squared
amplitudes of spherical harmonics, we obtain the relation
jumn j2
 ¼ kBT
kc
1
n1ð Þ nþ2ð Þ sþn nþ1ð Þ½  , ½12:38
where s¼ sh iR20=kc is the dimensionless mean lateral tension of the
membrane.
There is similarity between the above results and the corresponding
result for the 2D case (Eq. 12.34). But note also that in Eq. (12.34), the inte-
ger n lies in the interval betweennmax and nmax, while in Eq. (12.38) n can
only be a nonnegative integer. Therefore, h|zn|2imust be an even function
of n, while h|unm|2i does not need to fulfill this condition.
3.1. The real basis of spherical harmonics
One can use the real basis of spherical harmonicsYl
m(y,’), defined in terms of
their complex analogs as
Yml y;’ð Þ¼Yl,m yð ÞFm ’ð Þ: ½12:39
Here, Yl,m(y) are orthonormal functions
Yl,jmj yð Þ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2lþ1
2
ljmjð Þ!
lþjmjð Þ!
s
P
mj j
l cosyð Þ, ½12:40
Pl
m being Legendre polynomials. For negative values of mwe can, due to the
property
P
jmj
l xð Þ¼ 1ð Þm
ljmjð Þ!
lþjmjð Þ!P
mj j
l xð Þ, ½12:41
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use the relation
Yl,jmj yð Þ¼ 1ð ÞmYl,jmj yð Þ: ½12:42
For the orthonormal set of functions Fm(’), we choose
Fm ’ð Þ¼ cos m’ð Þﬃﬃﬃpp for m< 0,
Fm ’ð Þ¼ 1ﬃﬃﬃﬃﬃ
2p
p for m¼ 0,
Fm ’ð Þ¼ sin m’ð Þﬃﬃﬃpp for m> 0:
½12:43
The defined Yl
m(y,’) are orthonormal, that is,ð
O0
Ym1l1 y;’ð ÞYm2l2 y;’ð ÞdO¼ dl1,l2dm1,m2 , ½12:44
where dO¼ sin y dy d’ is an infinitesimal solid angleO. “Standard” complex
spherical harmonics are obtained by replacing the above set of realFm(’)with
F complexð Þm ’ð Þ¼
1ﬃﬃﬃﬃﬃ
2p
p eim’ for  lm l: ½12:45
3.2. Monte Carlo simulations of fluctuating phospholipid
vesicles in three dimensions
3.2.1 The dynamically triangulated surface
The vesicle is represented by a set ofN vertices that are linked by tethers (i.e.,
bonds) of flexible length l so as to form a closed, randomly triangulated, self-
avoiding network [11,19] (for a recent review, see Ref. [12]). The lengths of
the tethers can vary between a minimal (lmin) and a maximal (lmax) value.
The self-avoidance of the network can be implemented by ensuring that no
vertex can penetrate through the triangular network. Imagine the simple
geometry of an extreme case: three neighboring vertices forming an equilateral
trianglewith sides lmax, and somedistant vertexof thenetwork lying at themin-
imal distance lmin from all three vertices. Then the maximal possible random
displacement of the vertex in a single step, s, should be small enough that the
fourth vertex cannotmove through the plane of the other three to theminimal
alloweddistance, lmin, from the three vertices.The constraint for themaximum
tether length is then
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lmax<
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 l2min s2ð Þ
4
r
: ½12:46
Membrane fluidity is maintained by flipping bonds within the triangulated
network. A single bond flip involves the four vertices of two neighboring
triangles. The tether between the two vertices is cut and reestablished
between the other two, previously unconnected, vertices (see Fig. 12.1).
In our Monte Carlo simulations, the microstates of the vesicle are sam-
pled according to the Metropolis algorithm. Evolution of the system is mea-
sured inMonte Carlo sweeps (mcs). One mcs consists of individual attempts to
displace each of the N vertices by a random increment in the sphere with
radius s, followed by RbN attempts to flip a randomly chosen bond.
We denoteRb, the bond-flip ratio, which defines howmany attempts to flip
a bond made are per one attempt to move a vertex in the mcs. Note that the
bond-flip ratio is connected to the lateral diffusion coefficient within the
membrane, that is, to the membrane viscosity [20,21]. Diffusion also intro-
duces a real timescale in the simulations and allows simulation of the dynam-
ics of the modeled system—something that is, however, beyond the scope of
this work.
Let us choose the ratio between the maximal and minimal bond lengths,
lmax/lmin. For s¼0.15lmin the self-avoidance constraint (Eq. 12.46) gives
lmax<1.7272lmin. In our simulations, we use s¼0.15lmin and lmax¼1.7lmin.
Our vesicle consists of N¼1447 vertices, which are connected with
3(N2)¼4335 bonds to form Nt¼2(N2)¼2890 triangles (for illustra-
tion see Fig. 12.2). During simulations, the coordination number for each
vertex (i.e., the number of nearest neighbors, Z) is allowed to vary between
4 and 8.
Bond flip
lmin
Figure 12.1 A bond flip within the triangulated network; this involves the four vertices
of the two neighboring triangles. The minimal bond (i.e., tether) length is also shown.
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3.2.2 Discretization of the energy
Let us assign to the dynamically triangulated surface described in Section 3.2.1
an appropriate thermodynamic potential representing the free energy of the
vesicle system. For that purpose, we assume that the energy of any given
microstate of the vesicle consists of two contributions—the bending energy
and the lateral stretching energy of the vesicle membrane, as expressed in
Eq. (12.35).
The stretching part of the total elastic energy (second term on the rhs of
Eq. 12.35) can be discretized as
þ
A
1
2
s tð Þ½ 2
ks
dA¼ 1
2
ks
þ
A
AArð Þ2
Ar
dA	 ksp
2
X3 N2ð Þ
i¼1
li l0ð Þ2: ½12:47
Here Ar is the area of the tension-free (relaxed) membrane, and bonds
between vertices are assumed to be ideal springs obeying Hook’s law, where
ksp is the spring constant, l0 is the length of the bond in the relaxed state, and
the sum runs over all bonds with lengths li. To connect the spring constant ksp
with the area stretch (compression) modulus of the membrane, ks, we can
consider a flat membrane. We triangulate it in a hexagonal lattice in such a
way that each vertex hasZ¼6 nearest neighbors, and all bonds in the network
have the same distance l (for illustration, see the right-hand side of Fig. 12.3).
The area per vertex (i.e., the Wigner–Seitz cell of the lattice) is then
av¼
ﬃﬃﬃ
3
p
l2=2. Let us make a small variation of the membrane from the relaxed
Figure 12.2 A snapshot of a vesicle in the equilibrium state. The membrane is composed
of a triangulated surface with N¼1447 vertices, as described in the text. By choosing the
length lmin¼0.67 nm, the vesicle has an area of approximately 1000 nm2, a radius of
approximately 10 nm, and a volume of approximately 3000 nm3.
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state where l¼ l0 and av¼av0, by stretching all bonds by dl¼ l l0. This gives
the change in the area per vertex da¼ av av0¼
ﬃﬃﬃ
3
p
ldl	 ﬃﬃﬃ3p l0dl (up to the
first order in dl). Now we compare the stretching energy per vertex,
1
2
ksp dlð Þ23¼ 1
2
ks
dað Þ2
av0
, ½12:48
where factor 3 at the end of the left-hand side comes from six bonds per
vertex, and half of the energy of one bond is assigned to one vertex. From
Eq. (12.48) and the above-derived relation da¼ ﬃﬃﬃ3p l0dl, we get the connec-
tion between the area stretch (compression) modulus of the membrane and
the spring constant in our model:
ksp¼ 2ﬃﬃﬃ
3
p ks: ½12:49
We choose for the area stretch modulus ks¼50 kT/nm2, which corresponds
to ks	0.2 N/m at room temperature.
We introduce the length scale by choosing for the area per vertex
av0¼0.7 nm2 (corresponding to the average area per lipid in the membrane),
which gives l0¼ 2av0=
ﬃﬃﬃ
3
p 1=2	 0:9nm. The length of the relaxed bond is
CM
x C2 = C
C1 = 0
R
f
q ′
q
lin
lout
l0 l0/2
l
h/2
h/2
Figure 12.3 Left: Cross-section through two vertices (blue) and two dumbbells (black)
representing a membrane with its mid-plane denoted in green. The principal curvature
lying in the cross-sectional plane is C¼1/R. Harmonic interactions between the spheres
are depicted by dashed curves. The dumbbells can rotate around their centers, adding
two rotational degrees of freedom to the dumbbell’s three translational degrees of free-
dom from vertex moves. Right: Top view of a triangulated surface in a relaxed flat
state—a hexagonal lattice. Black dots show vertices and in the relaxed flat state all
tethers have the length l0. On the lattice is also denoted the axis of symmetry of a cylin-
drical deformation (vertical dashed line) used for estimation of the interaction constant
k (see the text).
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taken to be l0¼ (lminþ lmax)/2. Since in our simulations we chose
lmax¼1.7lmin, the minimal bond length lmin	0.67 nm. We see that the
limits of the bond length (lmin and lmax) impose a maximal stretching energy
per vertex of approximately 5.2 kT, which corresponds to a probability
exp(5.2)	0.55%. So we regard this cutoff of possible bond lengths as sta-
tistically unimportant.
Now we introduce the discretized bending elasticity by imagining that
each vertex of the triangular network represents the center of a single dumb
bell—two bells connected by a solid rod (see Fig. 12.3). Nearest-neighboring
spheres in the same monolayer interact with a harmonic potential. This adds
to the overall energy of the bilayer the terms
W out¼ 1
2
k lout l0ð Þ2, ½12:50
W in¼ 1
2
k lin l0ð Þ2, ½12:51
where index “out” represents neighbors in the outer and index “in” neigh-
bors in the inner monolayer, k is the interaction constant, lout and lin are dis-
tances between neighboring spheres, and l0 is this distance in a relaxed flat
state. Distances lout and lin can be calculated from the positions of the vertices
in the triangulated surface, the lengths h of the dumbbells, and their orienta-
tion. Dumbbells can rotate around their center—introducing two rotational
degrees of freedom per dumbbell (i.e., vertex) to the system. Together with
three translational degrees of freedom from vertex moves, each dumbbell,
therefore, contributes five degrees of freedom to the system. For the length
of the dumbbell, we take h¼5 nm, which corresponds to the lipid bilayer
thickness. The stretching energy (and the tether length constraint) can be
interpreted as a consequence of steric repulsion between neighboring lipid
molecules and of a hydrophobic interaction that keeps the tails together.
Note that we could introduce the spontaneous curvature of the bilayer by
introducing different l0s and ks for the two monolayers.
Note also that by introducing the harmonic potential only between neigh-
boring spheres in the same bilayer, states with collective tilt are degenerate
(imagine a collective tilt on a flat, nonclosed bilayer). That is, tilting all dumb-
bells by the same angle costs no additional energy. One can assume that the
collective tilt can be disregarded for the analysis of thermal fluctuations of
closed vesicles, but the above model is still unstable to an accordion-like defor-
mation. For example, imagine a flat lipid bilayer with all the dumbbells per-
pendicular to the bilayer. It costs no energy to move a dumbbell out of the
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bilayer if the distances l, lout, and lin remain constant. Such a membrane would
be unstable with respect to this accordion-like deformation. To prevent this,
one could introduce an energy term that accounts for the tilt of the dumbbell
out of its position normal to the bilayer. Alternatively, we could introduce a
harmonic interaction between the spheres of neighboring dumbbells in oppo-
site monolayers. This gives an additional energy term
W outin¼ 1
2
k loutin l outinð Þ0
 2
, ½12:52
where l
outinð Þ
0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l20þh2
p
. We tried both the above-mentioned possibilities
to account for the energy of the tilt of lipid molecules in our simulations, and
both gave the expected behavior of the lipid bilayer. In the following, for the
sake of simplicity of discussion, we neglect the tilt energy term.
For abilayerwithout spontaneouscurvature,wetake for l0 the relaxed tether
length, defined in the previous section as l0¼ (lminþ lmax)/2. Therefore, the
only parameter that needs to be estimated is k. This is true also if a term account-
ing for the tilt of the lipid molecules (e.g., Eq. 12.52) is taken into account.
To relate the interaction constant k to the bending rigidity kc, we per-
form a cylindrical deformation of a flat lipid bilayer. The principal curvatures
are therefore, say,C1¼0 andC2¼C. Then the bending energy per vertex is
(see Eq. 12.35):
kc
2
ð
av
da C1þC2ð Þ2¼ kc
2
C2av, ½12:53
where av is the area per vertex. On a flat membrane, triangulated in a hex-
agonal lattice (each vertex hasZ¼6 nearest neighbors) the area per vertex in
the relaxed state is av¼ av0¼
ﬃﬃﬃ
3
p
l20=2 as already discussed. To estimate the
bending energy for our dumbbell model, imagine a flat hexagonal lattice
with the dumbbells all perpendicular to the lattice plane. Now we perform
a cylindrical deformation in such a way that the symmetry axis of the cylin-
der is parallel to the set of rows of vertices (see the right of Fig. 12.3). Con-
sidering one vertex in such a hexagonal lattice, we see that the dumbbell
corresponding to this vertex and two of the neighboring dumbbells that
lie on the common axis of cylindrical symmetry do not move at all. The
other four neighboring dumbbells of this vertex all deform symmetrically,
so that we can calculate the energy contribution for a single vertex as
wb¼ 2 W outþW inð Þ: ½12:54
The fraction one half arises from the fact that only one half of the
sphere–sphere interaction energy should be accounted to a given vertex.
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It will be shown below that the spring constant ksp between vertices, that
is, centers of dumbbells, which assures a high enough lateral stretching resis-
tance of the bilayer, is much higher than the spring constants between the
spheres. Therefore, we can assume that the length x¼ ﬃﬃﬃ3p l0=2 (see the right
of the Fig. 12.3) does not change during cylindrical deformation. Then in
the deformed state (with C1¼0 and C2¼C), imagine that the cross-section
on the left of Fig. 12.3 is projected onto the plane perpendicular to the cylin-
drical symmetry axis and to the membrane. The length denoted l on the left
Fig. 12.3 is then projected to x, and lengths lout and lin are projected to
l0out¼ Rþ h
2
	 

f¼ 1þhC
2
	 

x, ½12:55
l0in¼ R h
2
	 

f¼ 1hC
2
	 

x ½12:56
for small deformation, f1 or h/R¼hC1. From these relations, we can
calculate the lengths
lout¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þhC
2
	 
2
x2þ l
2
0
4
s
, ½12:57
lin¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1hC
2
	 
2
x2 l
2
0
4
s
: ½12:58
Inserting the above expression in Eqs. 12.50 and 12.51 gives us the bending
energy per vertex
wb
kl20
¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
13
4
hCþ 3
16
h2C2
r !2
þ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ3
4
hCþ 3
16
h2C2
r !2
: ½12:59
From this, keeping only terms up to quadratic in the product hC, we get
wb¼ kl20
9
32
h2C2: ½12:60
Comparing the above estimate with the Helfrich bending energy per vertex
(Eq. 12.53) gives us the relation between the interaction constant k and the
bending stiffness kc:
k¼ 8
ﬃﬃﬃ
3
p
9
kc
h2
: ½12:61
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As already mentioned above, h	5 nm is the bilayer thickness and for bend-
ing stiffness kc¼50kBT the above relation finally gives us the estimate
k	3kBT/nm2.
The above estimate for k tells us that, to assure a high enough area
stretching elasticity, harmonic interactions between the spheres alone are
not enough, and therefore, harmonic interactions between vertices had also
to be introduced to the model. In our dumbbell model, Eq. (12.49) which
relates the spring constant ksp to the stretching modulus ks transforms to
kspþ2k¼ 2ﬃﬃﬃ
3
p ks, ½12:62
since interactions between the spheres add to the stretching energy. However,
since we chose ks¼50kBT/nm2 and we estimated above k	3kBT/nm2,
interactions between spheres add only about 8% to the area stretching elasticity
of the membrane and may be neglected in the area stretching energy contri-
bution. Also, the above estimates confirm our assumption that during cylin-
drical bending the distances between spheres might change, but the distances
between the centers of dumbbells remain constant. That is, themid-plane does
not stretch during pure bending, and the mid-plane of our bilayer is therefore
defined by the vertices of the triangulated surface.
In the above-described dumbbell model, the microstates of the vesicle
are sampled according to the Metropolis algorithm, as mentioned in
Section 3.2.1. Due to the dumbbells, there is an additional type of attempt
to change the givenmicrostate: onemcs consists of separate attempts tomove
each of the N vertices, followed by N separate attempts to flip a randomly
chosen bond, and also followed by separate attempts to rotate each of the N
dumbbells. An attempted vertex move is a random displacement of a vertex
within a sphere with radius s¼0.15lmin. Similarly, we define an attempted
dumbbell rotation as a random rotation inside a cone with an apex angle
2dy, where dy¼0.02 rad. The value for dy is defined as follows: imagine
two vertices at their minimal distance lmin and with their corresponding
dumbbells symmetrically tilted toward each other so that centers of their
spheres coincides (on one side; on the other side they are 2lmin apart).
The tilt of each dumbbell (from a flat state) is then y¼ arcsin (lmin/h)	8
.
For half of the apex angle, we choose approximately 10% of y, namely
dy¼0.02 rad.
Finally, let us also mention that a commonly used discretization of the
bending energy on a dynamically triangulated surface is [22,23]
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ð
A
C1þC2ð Þ2dA¼
X
i
1
si
X
j ið Þ
sij
lij
RiRj
 24
3
5
2
, ½12:63
where the outer summation runs over all vertices and the inner summations
runs over all nearest neighbors, Ri is a radial vector of vertex i, lij is the dis-
tance between vertices i in j (bond length),
si¼ 1
4
X
i jð Þ
sijlij ½12:64
is the area of the cell in the dual lattice [22] in vertex i. Here, sij¼ lij[cot(Y1)þ
cot(Y2)]/2 is the distance between vertices in a dual lattice,Y1 andY2 being
opposite angles to side ij in triangles (ijk) and (ijk0) (Fig. 12.4).
For more discussion on choosing the appropriate discretization, see
Section 2 in Ref. [19] or Eq. (12.70) in Ref. [11], and for a recent review
and generalization of the above discretization, see Ref. [12]. We also tested
in our simulations the above-mentioned discretization and compared it with
the dumbbell model. The behavior of the modeled bilayer is similar for both
models.
3.2.3 The exact volume constraint
Let us analyze the behavior of the vesicle using the dynamically triangulated
surface as described above. The maximal bond length in our simulations is
set to be lmax¼1.7lmin, and the length scale is set by the minimal bond length
lmin. If we choose a single vertex to represent the membrane area occupied on
the average by one lipid head group, we get an estimate lmin¼0.67 nm. This
yields for our vesicle (with N¼1447 vertices connected in 2(N2)¼2890
triangles) an approximate areaA	1000 nm2,or the radiusR0	10 nm.Coarse
graining naturally brings us to the larger vesicles for the same simulation set.
k
i
j
k ¢
Q1
Q2
Figure 12.4 AnglesY1 andY2 used in the calculation of sij, the distance between ver-
tices in a dual lattice [11].
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The results below are obtained for the membrane bending stiffness
kc¼25kBT and using the dumbbell model described in Section 3.2.2, where
the discretization of the bending energy is modeled by the harmonic poten-
tial between the spheres of neighboring dumbbells. The interaction constant
is calculated using Eq. (12.61), with h¼5 nm and lmin¼0.67 nm. Such a
system evolves from the initial state of a pentagonal dipyramid into an equi-
librium quasi-spherical state after approximately 300,000 mcs with a bond-
flip ratio Rb¼1 (as described in Section 3.2). Let us note that the results
presented below are qualitatively equivalent if the Itzykson discretization
(Eq. 12.63) is used for the bending energy instead of the dumbbell model.
Let us first consider the case with ks¼0, and without any additional
volume constraint (i.e., no energy is needed for the change of the volume).
In the equilibrium state, the mean area hAi of the vesicle is
Ah idA¼ 219010ð Þl2min, ½12:65
where dA denotes the standard deviation,
dA¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A Ah ið Þ2 q , ½12:66
with the averaging performed over 107 mcs in the equilibrium state. For the
volume of the vesicle in the equilibrium state we get:
Vh idV ¼ 947070ð Þl3min: ½12:67
The relative volume, v, defined as the volumeV of the vesicle divided by the
volume of a sphere with the same area, u¼ 3V ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4p=A3p , is therefore
v¼0.98.
By adding the stretching energy of the bonds (with ks¼50 kT/nm2,
as discussed in Section 3.2.2), we obtain (in equilibrium) for the area
A¼ (22627)lmin2 and for the volume V¼ (992050)lmin3 , corresponding
to v¼0.98. The stretching energy of the bonds therefore increases the ves-
icle’s area by about 3% and leaves the relative volume of the vesicle almost
unchanged. There is, however, a drastic decrease in acceptance rate for bond
flip. For ka¼0, about 1.4% of bond flips are accepted, and for a bond
stretching energy corresponding to ka¼50kBT/nm2 only about 0.01% of
the attempted bond flips are accepted. Let us also mention that the accep-
tance rate for vertex moves is about 20%. To explain such a low acceptance
rate for flipping bonds, let us again consider a hexagonal lattice with all bond
lengths being l0. The bond flip produces a bond with length
ﬃﬃﬃ
3
p
l0	 2:3lmin,
which is above our maximal allowed bond length lmax¼1.7lmin. And even if
350 Miha Fošnarič et al.
it was allowed, the energy cost for such a bond-flip would be
0:5ks
ﬃﬃﬃ
3
p 1 2l20 	 12:5kBT , therefore the probability of acceptance would
be only exp (12.5)	3.7106. Our randomly triangulated surface fluc-
tuates and is therefore not composed only of equilateral triangles; therefore
some bond flipping is possible. But the stretching energy of the bonds sup-
presses bond length fluctuations, since it is energetically favorable for the
bonds to have lengths as near l0 as possible, and this diminishes bond-flip
acceptance rates even more.
Let us now estimate the energy of fluctuations of the volume. For a
rough estimate, we take a vesicle with area A	2000 nm2 and volume
V	8500 nm3. From the compressibility of water, we can write
1
2
K
dVð Þ2
Vh i 	 50kBT , ½12:68
where we took for the bulkmodulus of water (inverse of the compressibility)
K¼2109 N/m2	500kBT/nm3 and for dV¼40 nm3.
We see that due to the relatively low compressibility of water, the esti-
mated energy of the vesicle’s volume fluctuations in our simulations is sig-
nificantly higher than thermal fluctuations, which are of the order of kBT.
And since the lipid membrane on a timescale of thermal fluctuations is
impermeable to water molecules, we can assume that the vesicle volume
stays constant during thermal fluctuations.
Therefore, we require from our simulations that each accepted Monte
Carlo step keeps the volume constant. One possibility of achieving such vol-
ume conservation is to add to the energy a termpDV, which for a large and
positive Lagrange multiplier p keeps the volume of the vesicle constant at its
maximal possible value. However, in our simulations, this would lead to
suppression of all shape fluctuations and the vertices would be able to move
only in lateral directions to keep the volume fixed. Since our goal is to ana-
lyze the thermal fluctuations of vesicle shape, which can also be observed and
measured experimentally, we require our simulations to keep the volume
constant after each Monte Carlo step, but still obtain shape fluctuations.
We do this in the following way.
After each attempted vertexmove or bond flip, the change in volume,DV,
is calculated. Then a random vertex that is more that 4 lmax away from the
vertexmoved (or from the four vertices involved in the bond flip, see Fig. 12.1)
is chosen. The minimal distance of four maximal bond lengths assures that no
next-nearest neighbors are common, so that no changes overlap. The chosen
vertex is then moved in the direction of its radial vector R (the origin of the
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coordinate system is approximately at the center of mass),R! (1þDh/R)R,
for suchDh that the change in volume isDV. Therefore, the overall volume
change is zero and in this way we can keep the volume of the vesicle constant.
To obtain the correct Dh, we first assume that the chosen vertex is the top of a
hexagonal pyramid.Then in the first stepwe takeDh 1ð Þ ¼2DV= ﬃﬃﬃ3p l20  and
calculateDV(1). Since the volume change is linearly related toDh, the next try is
exact: Dh(2)¼Dh(1)DV/DV(1) gives DV(2)¼DV.
The above procedure, assuring dV/V<1010 for eachMonteCarlo step,
reduces fluctuations of the volume dV/hVi from the order of 103 to the
order 108, and the energy of fluctuations of the volume is now negligible:
1
2
K
dVð Þ2
Vh i 	 10
9kBT : ½12:69
The acceptance rates for a vertex move and a bond flip are not significantly
altered by the exact volume constraint.
3.2.4 Decomposition into spherical harmonics
As described in the beginning of Section 3, we decompose the relative devi-
ations from a spherical vesicle with volume (4pR0
3)/3 into a series of spher-
ical harmonics. In the triangulated surface, we can obtain the relative
deviation for each vertex i as (see Eq. 12.36)
ri tð Þ¼Ri tð ÞR0
R0
½12:70
and according to Eq. (12.37) amplitudes ul
m(t) are obtained from
uml tð Þ¼
XN
i¼1
Oi tð Þr i tð ÞYml yi tð Þ,’i tð Þð Þ ½12:71
where the sum runs over all vertices in the vesicle. Yl
m(yi(t),’i(t)) are the real
spherical harmonics for yi(t) and ’i(t) of vertex i as described in Section 3.1.
Oi(t) is the solid angle corresponding to vertex i, calculated from
Oi tð Þ¼
X
j
aj cos#j
3R2i
, ½12:72
where the sum runs over all triangles sharing vertex i, aj is the area of triangle
j, and #j is the angle between the normal of triangle j, n^j, and the radial vector
pointing to the centroid of triangle j, c
!
j:
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cos#j¼ n^jc
!
j
n^jc!j
  : ½12:73
Note that the origin of the coordinate system is in the vesicle’s center
of mass.
3.2.5 The even–odd effect
One of the purposes of the procedure described in this section is to analyze
thermal fluctuations of the 3D vesicle using dynamically triangulated surface
Monte Carlo simulations and test some of the assumptions used in the Milner
and Safran theoretical approach. For that purpose, we expanded the vesicle
shape represented by the triangulated surface into spherical harmonics, as
explained in Section 3. The mean-squared amplitudes were obtained, where
averages were “measured” for the fluctuating vesicle in equilibrium.
The result of Milner and Safran, see Eq. (12.38), predicts that the time
mean squares, h|unm(t)|2i, of the amplitudes unm(t) of spherical harmonics do
not depend on the order m of the spherical harmonic (i.e., index m is not pre-
sent on the rhs of Eq. 12.38). This is a consequence of the spherical symmetry.
Our simulations, however, yield a different result—a dependence of the
mean-squared amplitudes of spherical harmonics, h|unm|2i, on the order of
the spherical harmonics (index m), as can be seen on Fig. 12.5. The depen-
dence of h|unm|2i on m is very regular—it appears in the same form for all
tested simulation models.We named it the even–odd effect, since low values
are always found for even values of nþm and high values for odd values of
nþm (the only exception is n¼2).
The question arises whether the averages of h|unm|2i over m can still be
fitted with the theoretical predictions of Milner and Safran. To address this,
we defined the averages an and their errors Dan as follows:
an¼ 1
2nþ1
Xn
m¼n
jumn tð Þj2
  ½12:74
and
Dan¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXn
m¼n ju
m
n tð Þj2
  an 2
2n 2nþ1ð Þ
vuut
: ½12:75
For 2n20, the values of an with the errors Dan, calculated for the
simulations from Fig. 12.5, could be fitted very well with Eq. (12.38).
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The results of the fit are kc¼ (91)kBT, s¼ 186 and the goodness-of-fit
is 0.66. It must be noted, however, that the initial value of kc¼50kBT used
in the simulations is not recovered and that the value of s is different from
the value s¼0:7 obtained from the fluctuations of the area of the vesicle.
The even–odd effect is obviously an unexpected result and at the present
moment we are not able to understand it. Some speculations on the origin of
the even–odd effect are given in Section 4, and we are continuing our efforts
toward understanding it. Here, we give more information on the even–odd
effect. First, the effect becomes very regular if the averaging time is long
enough. More precisely, for the simulations presented in Fig. 12.5, the
even–odd effect becomes obvious after about 0.5106 mcs and stabilizes
for the values presented in the figure at about 5106 mcs. The simulation
time (i.e., the number of mcs) after which the even–odd effect stabilizes
depends on the bond-flip ratio Rb. For lower Rb, more mcs are needed
and vice-versa. But it also appears for Rb¼0, when bond-flipping is
completely suppressed (for the simulation parameters presented in
Fig. 12.5 but with Rb¼0 it stabilizes after about 2108 mcs). Second,
the even–odd effect seems to be independent of the area stretching modulus
(ks), on the use or nonuse of the exact volume constraint and on the value of
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Figure 12.5 The even–odd effect: dependence of the mean-squared amplitudes h|unm|2i
on the order of the spherical harmonics (indexm) for the degree of spherical harmonics
(index n) up to 6. The dashed lines are only a guide for the eye. The averaging is done
over 5107 mcs with a bond-flip ratio Rb¼10, where after each 2500 mcs the ampli-
tudes of spherical harmonics are calculated for the momentary microstate of the sys-
tem. The data are produced using the dumbbell model with the contribution from
Eq. (12.52) taken into account and for the parameters kc¼50kBT, ks¼50kBT/nm2,
ksp¼ 2ks=
ﬃﬃﬃ
3
p
, lmax¼1.7lmin, lmin¼0.67 nm, and h¼5 nm.
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the relative volume (if fixed). The even–odd effect is also present for all cho-
sen discretization schemes for the energy that we tried: the dumbbell model,
the Itzykson discretization (Eq. 12.63), and some other discretizations that
are not described in this work. The even–odd effect is present for different
orientations of the coordinate system and for different sets of basis functions
used for the expansion of the deviation of the vesicle shape from a sphere.
4. DISCUSSION
In this work, we presentedMonte Carlo simulations of thermally fluc-
tuating lipid bilayers. In Section 2, we first considered fluctuations in two
dimensions. For the 2D case, we derived a relation between the elastic prop-
erties of the membrane (polymer) and the measurable quantities derived
from spectral analysis of the fluctuations. The result obtained makes a rea-
sonable analogy with the relation in three dimensions presented by Milner
and Safran [4]. To make a correspondence between the 2D case and the real
world, one can imagine a lipid bilayer with cylindrical symmetry or a poly-
mer adhering to a thin film with its out-of-plane fluctuations suppressed.
This treatment should not be confused with situations where fluctuations
of only parts of the membrane are analyzed. For example, in confocal micro-
scope experiments with fluctuating vesicles, only the equatorial contour of
the vesicles is usually observed and analyzed. In Section 3, we consider
vesicle fluctuations in three dimensions. We present in detail how Monte
Carlo simulations of dynamically triangulated surfaces can be used to model
thermal fluctuations of phospholipid vesicles and how to analyze their
spectra.
Analysis of thermal fluctuations of the whole membrane generated by
Monte Carlo simulations should give additional insight into the mechanical
processes involved in the thermal fluctuations of lipid bilayers, in two
dimensions and even more in three dimensions. For example, the effect
of local membrane stretching on shape fluctuations could be analyzed.
The procedure presented in this work also offers the possibility to check
some of the assumptions used in theoretical models of thermal fluctuations
of lipid membranes [4]. However, the results of theMonte Carlo simulations
presented in Section 3.2.5 show an unexpected dependence of the mean-
squared amplitudes of spherical harmonics on their order. One possible rea-
son for this so-called even–odd effect is the insufficient number of generated
microstates used in the averaging procedure. For appropriate averages to be
obtained, the time corresponding to the sequence of such states must be
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much longer than the longest relaxation time of the correlations between
measured amplitudes of spherical harmonics. Our analysis of correlations
indicates that the sequences of states used for the simulation results presented
in this work are still not long enough for all correlations to completely relax.
How to generate enough microstates of the system for the above condition
to be certainly fulfilled remains the subject of our ongoing work. It also
remains unclear whether the insufficient number of microstates used in
the statistical analysis is the cause of the even–odd effect. Our longest sim-
ulation runs with over 1018 generated microstates show no decrease in the
even–odd effect with increasing number of microstates used in the averag-
ing. Our present work therefore opens questions regarding Monte Carlo
simulations of thermally fluctuating phospholipid vesicles.
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Abstract.In recent years, liposomes encapsulated with nanoparticles have found enormous 
scopes in various biomedical fields such as drug design, transport, imaging, targeted delivery 
and therapy. These applications require a clear understanding about the interaction of 
nanoparticles with cell membranes. The present work aims to investigate the effect of 
encapsulation of uncharged and positively charged nanoparticles in three different types of 
lipids such as1-stearoyl-2-oleoyl-sn-glycero-3-phosphocholine (SOPC),1-stearoyl-2-oleoyl-sn-
glycero-3-phosphocholine and1-palmitoyl-2-oleoyl-sn-glycero-3-phospho-L-serine(SOPC-
POPS) mixture and archaeal lipids. Through the temperature dependent fluorescence 
anisotropy measurements, we have found that the entrapment of nanoparticles in the bilayer 
has decreased the lipid transition temperature and increased the membrane ﬂuidity of all three 
types of lipid vesicles. The results were more predominant in SOPC-POPS mixture because of 
high density encapsulation of nanoparticles in the vesicles due to electrostatic interaction 
between negatively charged membrane and positively charged iron oxide nanoparticles. 
1. Introduction 
Liposomes, the self-assembled lipid structures have received extensive attention due to their potential 
application in various fields. Because of versatile organization, well-defined physicochemical 
properties and ability to mimic membrane scaffolding, they are widely studied as model membranes. 
The encapsulation of nanoparticles in liposomes provides a biologically inspired route in designing 
therapeutic agents and as a means of reducing nanoparticle toxicity. The hybrid lipid/nanoparticle 
conjugates have diverse biomedical applications including imaging of cancer cells, drug/gene delivery, 
targeted therapy, immunoassay, cell/protein separation, biosensing etc. Currently, little is known about 
the influence of nanoparticles on physicochemical properties of lipid vesicles such as stability, 
elasticity, membrane fluidity and bilayer phase behavior [1]. 
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Interest in the synthesis of metal nanoparticles (NPs) is steadily growing due to their unique 
properties and potentialities. Nanoparticles are highly effective to penetrate the plasma membrane and 
to alter the natural processes within the cell. They serve as excellent carriers of therapeutic cargos 
through the membrane, likely due to internalization mechanisms like physical rupturing, membrane 
mediated transport, pore formation, etc. Recent studies on the effects of different metal NPs on 
membrane stability and/or deformation have revealed that the incorporation of metal NPs within 
membrane have altered the  phase behavior of the lipids by decreasing the phase transition temperature 
and increasing ﬂuidity of the bilayer. Since the polymorphic phase behavior of lipids inﬂuence 
different membrane related processes, it has become very important to study the effect of nanoparticle 
interaction with different lipid membranes [2].  
Enormous research has been carried out with homogeneous bilayers consisting of zwitterionic 
phospholipids, but very less work has been done to understand the electrostatic attraction between the 
negatively charged lipid bilayers and positively charged nanoparticles. Therefore we intend to study 
this property in detail and prepared negatively charged lipid vesicles by mixing SOPC and POPS 
lipids in the ratio of 4:1, respectively. Due to opposite charges, cationic iron oxide NPs are 
electrostatically attracted towards the negatively charged phosphate group of phospholipids and gets 
adsorbed. The adsorption process of NPs onto lipid molecules was thermodynamically favorable, and 
enhanced due to the ultrafine size of the nanoparticles [3].  
We have also analyzed the influence of nanoparticles on archaeal lipids. The domain Archaea 
represents a third evolutionary form of life and their ability to survive in extreme environmental 
conditions is attributed to their unique lipid composition. The presence of ether linkages and highly 
branched isoprenoid side chains offers more stability archaeal membranes [4, 5]. We have grown the 
Aeropyrum pernix K1 archaeal cells in our lab [6] and extracted the lipid from them to study their 
membrane properties. We encapsulated uncharged Cobalt Ferrite (CoFe2O4) NPs and positively 
charged Iron Oxide (Fe2O3) NPs in archaeosome and studied their influence on membrane fluidity. 
The polar lipids of A. pernixK1 consist solely of C25, 25-archaeol (2, 3-di-sesterpanyl-sn-glycerol), with 
C25, 25-archetidyl (glucosyl) inositol (AGI) accounting for 91mol%, and the remaining 9 mol% by 
C25,25-archetidylinositol (AI) [4, 5]. 
In lipid vesicles, nanoparticle encapsulation can be achieved by trapping the particles within the 
aqueous core or in the hydrophobic bilayer. To be embedded in the lipid bilayers, the nanoparticles 
must possess two important features. They should be smaller in size to fit within a lipid bilayer and 
should have a hydrophobic surface (by coating with appropriate agents such as sterylamine). When the 
nanoparticles are entrapped within bilayers, it can lead to changes in lipid packing and may disrupt 
lipid-lipid interactions amongst the head groups and/or acyl tails. Disruption of such interlipid 
interactions can result in changes in lipid bilayer phase behavior, which is related to the degree of lipid 
ordering and bilayer viscosity [8]. When some charged proteins or nanoparticles are adsorbed onto cell 
surface, the membrane undergoes deformation and lipids in the constituent bilayers will be 
reorganized due to electrostatic interaction between the lipids and nanoparticles/proteins. Since the 
membrane is negatively charged, positively charged nanoparticles are attracted more towards the 
surface of cell-membrane and show higher levels of internalization when compared to uncharged and 
negatively charged particles. Hence, depending on their size and surface chemistry, embedded 
nanoparticles may influence the stability and function of hybrid vesicles, domain formation, phase 
separation etc [9].  
 
1.1 Modes of nanoparticle interaction in lipid bilayer  
Depending upon the size, electrostatic charge and hydrophobicity, the nanoparticle may be partly or 
fully trapped in the bilayer. Three different possibilities of nanoparticle entrapment are shown in the 
figure 1. The first possibility indicates a structure in which a nanoparticle is partially embedded in the 
bilayer or resting on the vesicle surface. The second possibility shows that the nanoparticle spans the 
hydrophobic region making equivalent contact with the two quencher populations. The third mode 
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depicts the entrapment of nanoparticle perfectly in middle of the bilayer due to hydrophobic 
interactions [10]. 
 
 
 
Figure 1. Sketches of possible nanoparticle/bilayer interactions 
 
2. Materials and methods 
 
2.1. Synthesis of nanoparticles 
The superparamagnetic maghemite nanoparticles (γ-Fe2O3) are synthesized through a controlled 
chemical coprecipitation method. An aqueous mixture of ferric, ferrous salts and sodium hydroxide 
were prepared as alkali stock solutions. The corresponding metal hydroxides were precipitated during 
the reaction between the alkaline precipitating reagent and the mixture of metal salts and subsequently 
oxidised in air to form γ-Fe2O3. To achieve purification and uniform size distribution, the iron oxide 
nanoparticles were precipitated out from the solution using ethanol and separated from the supernatant 
by differential centrifugation method. The purified sample was dried under argon and redispersed in 
double distilled water. Their surfaces were stabilised electrostatically with positive charge by 
adsorbtion of citric acid on their surface. Citric acid provides strong negative surface charge and 
creates repulsive forces which prevents their aggregation and ensures the stability. The nanoparticles 
were characterised using X-ray diffractometry and Transmission Electron Microscopy (TEM). The 
size of the synthesized γ -Fe2O3 nanoparticles was found to be 10±2 nm by TEM analysis [7]. 
The cobalt ferrite nanoparticles were purchased from Sigma Aldrich. They were synthesized by co-
precipitating the stoichiometric mixtures of Fe(NO3)6.9H2O and Co(NO3)2.6H2O in aqueous solutions. 
The pH was maintained between 9.5-11 using 10% NaOH solution and the temperature was set 
between70-95ºC for 4-5 hours under vigorous magnetic agitation. The resulting mixture was then 
centrifuged for fifteen minutes at 3000 rpm. The supernatant was then decanted and centrifuged 
rapidly until a thick black precipitate was obtained. The precipitate was then washed thoroughly with 
water and acetone for purification and dried overnight at 100°C in hot air oven. The dried samples 
were then dispersed in double distilled water. In order to avoid the nanoparticle agglomeration in 
aqueous solutions, strong surface charges are applied by varying the pH of the solution. This results in 
high zeta potential value and increased nanoparticle stability. The size of CoFe2O4 nanoparticles were 
found to be in the range of 5-15 nm by TEM and the zeta potential value was estimated to be ± 34 
using DLS. 
 
2.2. Isolation and purification of Archaeal lipids 
Aeropyrum pernix K1 was purchased from Japan Collection of Microorganisms (number 9820; Wako-
shi, Japan) and the archaeal cells are cultivated in our lab. They were grown in 800 mL growth 
medium in 1000 mL heavy-walled flasks, with a magnetic stirring hot plate and forced aeration (0.5 
L·min
−1
) at 92
◦
C. After 40 h, the suspensions were cooled and centrifuged at 11,000×g for 10 min at 
10
◦
C. The cell pellets were washed twice with the corresponding buffer (20mM Hydroxyethyl-
piperazineethanesulfonic acid (HEPES), pH 7.0, containing 3% NaCl). Later the archaeal cells were 
lyophilized to extract polar-lipid methanol fraction (PLMF) containing approximately 91% C25,25- 
archetidyl (glucosyl) inositol (AGI) and 9% C25,25- archetidylinositol (AI). The lipids were fractionated 
using adsorption chromatography and analysed by Thin Layer Chromatography (TLC) with 
chloroform/methanol/acetic acid/water (85/30/15/5) solvent. The methanol fraction containing the 
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polar lipids (PLMF) was used for further analysis. This lipid solution was dried by slow evaporation 
under a constant flow of dry nitrogen, followed by vacuum evaporation of solvent residues [3, 4]. 
 
2.3. Preparation of liposome – nanoparticle conjugates 
Adequate volumes of SOPC, SOPC-POPS (both purchased from Avanti Polar Lipids) and Archaeal 
lipids were dissolved in chloroform and transferred into round-bottomed glass flasks. The solvent from 
the lipid samples were evaporated using a Rotavapor under reduced pressure (17 mbar). The dried 
lipid films were then hydrated with the aqueous nanoparticle solutions so that the final concentration 
of the lipids was made to 1 mg·mL
−1
. Multilamellar vesicles (MLVs) were prepared by vortexing the 
lipid suspensions vigorously with glass beads for 10 minutes. The MLVs were further transformed 
into small unilamellar vesicles (SUVs) by sonication for 30 minutes with 10 s on-off cycles at 50% 
amplitude with a Vibracell Ultrasonic Disintegrator VCX 750 (Sonics and Materials, Newtown, USA). 
To separate the debris from SUVs after sonication, the sample was centrifuged for 10 min at 14,000 
rpm (Eppendorf Centrifuge 5415C).  The control lipid vesicles without nanoparticles were prepared in 
a similar way but diluted with 1 ml of 20 mM HEPES buffer instead of nanoparticle solution. 
2.4. Bilayer melting and fluidity: Fluorescence anisotropy 
Bilayer melting temperatures and fluidity were examined by fluorescence anisotropy measurements 
using 1,6-diphenyl-1,3,5-hexatriene (DPH) and trimethyl-ammonium-6-phenyl-1,3,5-hexatriene 
(TMA-DPH) in control liposomes and nanoparticle encapsulated liposomes in a 10 mm-path-length 
cuvette using a Cary Eclipse fluorescence spectrophotometer (Varian, Mulgrave, Australia), in the 
temperature range from 20
◦
C to 90
◦
C. Varian autopolarizers with slit widths of 5 nm for both 
excitation and emission were used. Here, 10 μL DPH or TMA-DPH (Sigma- Aldrich Chemie GmbH, 
Steinheim, Germany) in dimethyl sulphoxide (Merck KGaA, Darmstadt, Germany) was added to 2.5 
mL of 100 μM SUV solution in the relevant buffer, to reach a final concentration of 0.5 μM DPH and 
1.0 μM TMA-DPH. DPH and TMA-DPH fluorescence anisotropy was measured at the excitation 
wavelength of 358 nm, with the excitation polarizer oriented in the vertical position, while the vertical 
and horizontal components of the polarized emission light were recorded through a monochromator at 
410 nm for both probes. The anisotropy <r> was calculated using built-in software of the instrument 
using below formula:
  
 
where I|| and I⊥ are the parallel and perpendicular emission intensities, respectively.  
 
2.5. Characterization of nanoparticle encapsulated liposomes 
Liposomes were further analyzed by X-ray photoelectron spectroscopy (XPS) to determine 
their chemical composition [3]. 
 
 
Figure 2. XPS survey depicting the difference 
in chemical composition (at.%) between 2 
spectrums. Upper spectra: Control 
magnetosomes without Fe2O3 NPs, Lower 
spectra: magnetosomes encapsulated with 
Fe2O3 NPs. 
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3. Results and discussion 
Figure 2 shows the chemical composition of set of liposomes containing magnetic nanoparticles and 
control liposomes without nanoparticles. In the first case, we can see oxygen and carbon originating 
from phospholipids as well as high peaks due to Si and Fe which are constituents of magnetic 
nanoparticles, while in the second case, we can observe only oxygen and carbon originating from 
phospholipids. 
Given that the nanoparticles had diameters exceeding the thickness of a bilayer, this work suggests 
that lipid bilayers can distort to accommodate such particles and this distortion reduces lipid ordering. 
This result is consistent with the ability for a cell membrane to accommodate large transmembrane 
proteins. Since the colloidal particles in bilayer are in dynamic state, the particles are moving and 
vibrating continuously above absolute zero temperature. Also, the motion of colloidal particles 
increases with temperature due to bilayer melting. Thus, the movement of colloidal particles would 
disturb the crystalline structure of bilayer, resulting in decrease of phase transition temperature and 
increase of the membrane fluidity. 
 
   
   
Figure 3A. Temperature 
dependent fluorescence 
anisotropy measurement of 
Archaeal lipid; ♦-control; ■- 
CoFe2O4
 NP; ▲- Fe2O3 NP. 
DPH with head groups. 
Figure 3B. Temperature 
dependent fluorescence 
anisotropy measurement of 
SOPC-POPS mixture. 
♦control; ■- Fe2O3 NP. 
Figure 3C. Temperature 
dependent fluorescence 
anisotropy measurement of 
SOPC♦-control; ■- Fe2O3 NP. 
The upper graph depicts the interaction of DPH and lower graph TMA DPH 
  
DPH and TMA-DPH are the widely used fluorescent probes to study the membrane properties. The 
results of anisotropy measurements of DPH and TMA DPH in three different types of lipids are shown 
A B C 
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in the figure 3. Anisotropy is a measure of lipid ordering and the bilayer microviscosity. It is inversely 
related to the membrane fluidity, that is, lower anisotropy values indicate an increase in the membrane 
fluidity. In order to study the influence of size of nanoparticle in bilayer uptake, we also encapsulated 
CoFe2O4 NP (20-30 nm) in archaeal lipids. These NPs are almost three times bigger in size compared 
to Fe2O3 NPs. The initial values of the order parameter of DPH at 20°C were: 0.23±0.01 for control 
archaeosome; 0.22±0.01 for CoFe2O4 encapsulated archaeosome; and 0.20±0.01 for Fe2O3 
incorporated archaeal lipids 0.08±0.01, 0.07±0.01, and 0.06±0.01 respectively. In case of SOPC, the 
DPH anisotropy values at 20°C were: 0.20±0.01for control and 0.18±0.01 for Fe2O3 loaded liposome. 
For SOPC-POPS mixture the initial values were 0.24±0.01for control and 0.19±0.01 for Fe2O3 loaded 
liposome. The results have shown that the NPs show lower anisotropy values in all the 
three types of lipids when compared with the control liposomes without nanoparticles. The 
differences were significant in DPH rather than TMA-DPH. Due to electrostatic attraction, the 
cationic iron oxide NPs are attracted more towards the negatively charged SOPC-POPS lipid 
membrane. The observed encapsulation ratio is increased comparing the uncharged archaeal and 
SOPC lipids.  
   
4. Conclusions 
Fluorescence anisotropy of DPH and TMA-DPH gradually decrease with increasing temperature in all 
three types of liposome-nanoparticles conjugates. Though there was a gradual decrease in the 
anisotropy values of all these samples, the difference was predominant in the case of negatively 
changed lipid mixture (SOPC-POPS) containing positively charged iron oxide NPs. This result is in 
good agreement with the understanding that electrostatic interactions promote the encapsulation 
process. It is well known that the fluorescent probe DPH locates primarily in the core of the 
hydrophobic tails whereas TMA-DPH is anchored within the head group region close to the lipid-
water interface. The fact that stronger quenching and significant decrease in the anisotropy values in 
case of DPH when compared to TMA-DPH confirms that the nanoparticles are trapped predominantly 
in the middle of the bilayer rather than partially embedding on the membrane surface or equally 
spanning the bilayer. The results from XPS spectra also confirm that the nanoparticles are successfully 
encapsulated in the liposomes. 
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